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HOPF GROUP-COALGEBRAS
ALEXIS VIRELIZIER
Abstract. We study algebraic properties of Hopf group-coalgebras, recently
introduced by Turaev. We show the existence of integrals and traces for such
coalgebras, and we generalize the main properties of quasitriangular and ribbon
Hopf algebras to the setting of Hopf group-coalgebras.
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Introduction
Recently, Turaev [Tur] introduced, for a group π, the notion of a modular crossed
π-category and showed that such a category gives rise to a 3-dimensional homotopy
quantum field theory with target space K(π, 1). Examples of π-categories can be
constructed from so-called Hopf π-coalgebras defined in [Tur].
The notion of a Hopf π-coalgebra generalizes that of a Hopf algebra. Hopf
π-coalgebras are used by the author in [Vir] to construct Hennings-like (see [Hen96,
KR95]) and Kuperberg-like (see [Kup91]) invariants of principal π-bundles over
link complements and over 3-manifolds. The aim of the present paper is to lay the
algebraic foundations for [Vir], specifically the existence of integrals and traces for
a Hopf π-coalgebra.
Let us briefly recall some definitions of [Tur]. Given a (discrete) group π, a Hopf
π-coalgebra is a family H = {Hα}α∈pi of algebras (over a field k) endowed with a
comultiplication ∆ = {∆α,β : Hαβ → Hα ⊗Hβ}α,β∈pi, a counit ǫ : H1 → k, and an
antipode S = {Sα : Hα → Hα−1}α∈pi which verify some compatibility conditions. A
crossing for H is a family of algebra isomorphisms ϕ = {ϕβ : Hα → Hβαβ−1}α,β∈pi
which preserves the comultiplication and the counit, and which yields an action of
π in the sense that ϕβϕβ′ = ϕββ′ . A crossed Hopf π-coalgebra H is quasitriangular
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(resp. ribbon) when it is endowed with an R-matrix R = {Rα,β ∈ Hα ⊗Hβ}α,β∈pi
(resp. an R-matrix and a twist θ = {θα ∈ Hα}α∈pi) verifying some axioms which
generalize the classical ones given in [Dri87] (resp. [RT90]). The case π = 1 is the
standard setting of Hopf algebras. When π is commutative and ϕ is trivial, one
recovers the definition of a quasitriangular or ribbon π-colored Hopf algebra given
by Ohtsuki [Oht93].
Basic notions of the theory of Hopf algebras can be extended to the setting
of Hopf π-coalgebras. In particular, a (right) π-integral for a Hopf π-coalgebra
H is a family of k-forms λ = {λα : Hα → k}α∈pi such that (λα ⊗ idHβ )∆α,β =
λαβ 1β for all α, β ∈ π. When H is crossed, a π-trace for H is a family of k-forms
tr = {trα : Hα → k}α∈pi which verifies trα(xy) = trα(yx), trα−1(Sα(x)) = trα(x),
and trβαβ−1(ϕβ(x)) = trα(x) for all α, β ∈ π and x, y ∈ Hα. These notions were
introduced in [Vir] for topological purposes.
In the first part of the paper (Sect. 1-5), we mainly focus on finite dimensional
Hopf π-coalgebras, that is Hopf π-coalgebras H = {Hα}α∈pi with each Hα finite
dimensional. The first main result is the existence and uniqueness (up to a scalar
multiple) of a π-integral for such a Hopf π-coalgebra. To prove this result, we study
rational π-graded modules, introduce the notion of a Hopf π-comodule, and gener-
alize the fundamental theorem of Hopf modules (see [LS69]) to Hopf π-comodules.
As for Hopf algebras, any finite dimensional Hopf π-coalgebra contains a dis-
tinguished π-grouplike element. Generalizing [Rad94], we study the relationships
between this element, the antipode, and the π-integrals. As a corollary, we give an
upper bound for the order of Sα−1Sα whenever α ∈ π has a finite order.
The notions of semisimplicity and cosemisimplicity can be extended to the set-
ting of Hopf π-coalgebras. We show that a finite dimensional Hopf π-coalgebra
H = {Hα}α∈pi is semisimple (that is each Hα is semisimple) if and only if H1 is
semisimple. We define the cosemisimplicity for π-comodules and π-coalgebras, and
we use π-integrals to give necessary and sufficient criteria for a Hopf π-coalgebra
to be cosemisimple.
In the second part of the paper (Sect. 6-7), we study quasitriangular Hopf
π-coalgebras. The main result is the existence of π-traces for a semisimple (resp.
cosemisimple) finite dimensional unimodular ribbon Hopf π-coalgebra. To prove
this result, we generalize the main properties of quasitriangular Hopf algebras
(see [Dri90, Rad92]). In particular, we introduce and study the (generalized) Drin-
feld elements of a quasitriangular Hopf π-coalgebra H , we compute the distin-
guished π-grouplike element of H by using the R-matrix, and we show that the
twist of a ribbon Hopf π-coalgebra leads to a π-grouplike element which imple-
ments the square of the antipode by conjugation.
The paper is organized as follows. In Section 1, we review the basic definitions
and properties of Hopf π-coalgebras. In Section 2, we discuss the notions of a
rational π-graded module and of a Hopf π-comodule. In Section 3, we use these no-
tions to establish the existence and uniqueness of π-integrals. Section 4 is devoted
to the study of the distinguished π-grouplike element. In Section 5, we discuss
the notion of a semisimple (resp. cosemisimple) Hopf π-coalgebra. In Section 6, we
study crossed, quasitriangular, and ribbon Hopf π-coalgebras. Finally, we construct
π-traces in Section 7.
HOPF GROUP-COALGEBRAS 3
Acknowledgements. The author would like to thank his advisor Vladimir Turaev
for his useful suggestions and constructive criticism.
1. Basic definitions
Throughout the paper, we let π be a discrete group (with neutral element 1) and
k be a field (although much of what we do is valid over any commutative ring). We
set k∗ = k \ {0}. All algebras are supposed to be over k, associative, and unitary.
The tensor product ⊗ = ⊗k is always assumed to be over k. If U and V are
k-spaces, σU,V : U ⊗V → V ⊗U will denote the flip defined by σU,V (u⊗v) = v⊗u.
1.1. π-coalgebras. We recall the definition of a π-coalgebra, following [Tur, §11.2].
A π-coalgebra (over k) is a family C = {Cα}α∈pi of k-spaces endowed with a family
∆ = {∆α,β : Cαβ → Cα ⊗ Cβ}α,β∈pi of k-linear maps (the comultiplication) and a
k-linear map ǫ : C1 → k (the counit) such that
(1.1.a) ∆ is coassociative in the sense that, for any α, β, γ ∈ π,
(∆α,β ⊗ idCγ )∆αβ,γ = (idCα ⊗∆β,γ)∆α,βγ ;
(1.1.b) for all α ∈ π,
(idCα ⊗ǫ)∆α,1 = idCα = (ǫ ⊗ idCα)∆1,α.
Note that (C1,∆1,1, ǫ) is a coalgebra in the usual sense of the word.
Sweedler’s notation. We extend the Sweedler notation for a comultiplication in
the following way: for any α, β ∈ π and c ∈ Cαβ , we write
∆α,β(c) =
∑
(c)
c(1,α) ⊗ c(2,β) ∈ Cα ⊗ Cβ ,
or shortly, if we leave the summation implicit, ∆α,β(c) = c(1,α) ⊗ c(2,β).
The coassociativity axiom (1.1.a) gives that, for any α, β, γ ∈ π and c ∈ Cαβγ ,
c(1,αβ)(1,α) ⊗ c(1,αβ)(2,β) ⊗ c(2,γ) = c(1,α) ⊗ c(2,βγ)(1,β) ⊗ c(2,βγ)(2,γ).
This element of Cα⊗Cβ⊗Cγ is written as c(1,α)⊗c(2,β)⊗c(3,γ). For any c ∈ Cα1···αn ,
by iterating the procedure, we define inductively c(1,α1) ⊗ · · · ⊗ c(n,αn).
1.2. Convolution algebras. Let C = ({Cα},∆, ǫ) be a π-coalgebra and A be an
algebra with multiplication m and unit element 1A. For any f ∈ Homk(Cα, A) and
g ∈ Homk(Cβ , A), we define their convolution product by
f ∗ g = m(f ⊗ g)∆α,β ∈ Homk(Cαβ , A).
Using (1.1.a) and (1.1.b), one verifies that the k-space
Conv(C,A) = ⊕α∈pi Homk(Cα, A),
endowed with the convolution product ∗ and the unit element ǫ1A, is a π-graded
algebra, called convolution algebra.
In particular, for A = k, the π-graded algebra Conv(C, k) = ⊕α∈piC∗α is called
dual to C and is denoted by C∗.
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1.3. Hopf π-coalgebras. Following [Tur, §11.2], aHopf π-coalgebra is a π-coalgebra
H = ({Hα},∆, ǫ) endowed with a family S = {Sα : Hα → Hα−1}α∈pi of k-linear
maps (the antipode) such that
(1.3.a) each Hα is an algebra with multiplication mα and unit element 1α ∈ Hα;
(1.3.b) ǫ : H1 → k and ∆α,β : Hαβ → Hα ⊗ Hβ (for all α, β ∈ π) are algebra
homomorphisms;
(1.3.c) for any α ∈ π,
mα(Sα−1 ⊗ idHα)∆α−1,α = ǫ1α = mα(idHα ⊗Sα−1)∆α,α−1 .
Remark that it is not a self-dual notion and that (H1,m1, 11,∆1,1, ǫ, S1) is a
(classical) Hopf algebra.
The Hopf π-coalgebra H is said to be finite dimensional if, for all α ∈ π, Hα
is finite dimensional (over k). Note that it does not mean that ⊕α∈piHα is finite
dimensional (unless Hα = 0 for all but a finite number of α ∈ π).
The antipode S = {Sα}α∈pi of H is said to be bijective if each Sα is bijective.
Unlike [Tur, §11.2], we do not suppose that the antipode of a Hopf π-coalgebraH is
bijective. However, we will show that it is bijective wheneverH is finite dimensional
(see Corollary 2(a)) or quasitriangular (see Lemma 17(c)).
A useful remark is that if H = {Hα}α∈pi is a Hopf π-coalgebra with antipode
S = {Sα}α∈pi, then Axiom (1.3.c) says that Sα is the inverse of idH
α−1
in the
convolution algebra Conv(H,Hα−1) for all α ∈ π.
In the next lemma, generalizing [Swe70, Proposition 4.0.1], we show that the
antipode of a Hopf π-coalgebra is anti-multiplicative and anti-comultiplicative.
Lemma 1. Let H = ({Hα,mα, 1α},∆, ǫ, S) be a Hopf π-coalgebra. Then
(a) Sα(ab) = Sα(b)Sα(a) for any α ∈ π and a, b ∈ Hα;
(b) Sα(1α) = 1α−1 for any α ∈ π;
(c) ∆β−1,α−1Sαβ = σHα−1 ,Hβ−1 (Sα ⊗ Sβ)∆α,β for any α, β ∈ π;
(d) ǫS1 = ǫ.
Proof. The proof is essentially the same as in the Hopf algebra setting. For exam-
ple, to show Part (c), fix α, β ∈ π and consider the algebra Conv(H,Hβ−1 ⊗Hα−1)
with convolution product ∗ and unit element e = ǫ1β−1 ⊗ 1α−1 . Using Axioms
(1.1.b), (1.3.b), and (1.3.c), one easily checks that ∆β−1,α−1Sαβ ∗ ∆β−1,α−1 = e
and ∆β−1,α−1 ∗ σHα−1 ,Hβ−1 (Sα ⊗ Sβ)∆α,β = e. Hence we can conclude that
∆β−1,α−1Sαβ = σHα−1 ,Hβ−1 (Sα ⊗ Sβ)∆α,β . 
Corollary 1. Let H = {Hα}α∈pi be a Hopf π-coalgebra. Then {α ∈ π |Hα 6= 0} is
a subgroup of π.
Proof. Set G = {α ∈ π |Hα 6= 0}. Firstly 11 6= 0 (since ǫ(11) = 1 6= 0) and so
1 ∈ G. Then let α, β ∈ G. Using (1.3.b), ∆α,β(1αβ) = 1α ⊗ 1β 6= 0. Therefore
1αβ 6= 0 and so αβ ∈ G. Finally, let α ∈ G. By Lemma 1(b), Sα−1(1α−1) = 1α 6= 0.
Thus 1α−1 6= 0 and hence α
−1 ∈ G. 
1.3.1. Opposite Hopf π-coalgebra. Let H = {Hα}α∈pi be a Hopf π-coalgebra. Sup-
pose that the antipode S = {Sα}α∈pi of H is bijective. For any α ∈ π, let Hopα be
the opposite algebra to Hα. Then H
op = {Hopα }α∈pi, endowed with the comultipli-
cation and counit of H and with the antipode Sop = {Sopα = S
−1
α−1
}α∈pi, is a Hopf
π-coalgebra, called opposite to H .
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1.3.2. Coopposite Hopf π-coalgebra. Let C = ({Cα},∆, ǫ) be a π-coalgebra. Set
Ccopα = Cα−1 and ∆
cop
α,β = σCβ−1 ,Cα−1∆β−1,α−1 .
Then Ccop = ({Ccopα },∆
cop, ǫ) is a π-coalgebra, called coopposite to C. If H is a
Hopf π-coalgebra whose antipode S = {Sα}α∈pi is bijective, then the coopposite
π-coalgebra Hcop, where Hcopα = Hα−1 as an algebra, is a Hopf π-coalgebra with
antipode Scop = {Scopα = S
−1
α }α∈pi.
1.3.3. Opposite and coopposite Hopf π-coalgebra. Let H = ({Hα},∆, ǫ, S) be a
Hopf π-coalgebra. Even if the antipode of H is not bijective, one can always
define a Hopf π-coalgebra opposite and coopposite to H by setting Hop,copα = H
op
α−1
,
∆op,copα,β = ∆
cop
α,β , ǫ
op,cop = ǫ, and Sop,copα = Sα−1 .
1.3.4. The dual Hopf algebra. Let H = ({Hα,mα, 1α},∆, ǫ, S) be a finite dimen-
sional Hopf π-coalgebra. The π-graded algebra H∗ = ⊕α∈piH∗α dual to H (see §1.2)
inherits a structure of a Hopf algebra by setting, for all α ∈ π and f ∈ H∗α,
∆(f) = m∗α(f) ∈ (Hα ⊗Hα)
∗ ∼= H∗α ⊗H
∗
α,
ǫ(f) = f(1α), and S(f) = f ◦ Sα−1 . Note that if Hα 6= 0 for infinitely many α ∈ π,
then H∗ is infinite dimensional.
1.3.5. The case π finite. Let us first remark that, when π is a finite group, there
is a one-to-one correspondence between (isomorphic classes of) π-coalgebras and
(isomorphic classes of) π-graded coalgebras. Recall that a coalgebra (C,∆, ǫ) is
π-graded if C admits a decomposition as a direct sum of k-spaces C = ⊕α∈piCα
such that, for any α ∈ π,
∆(Cα) ⊆
∑
βγ=α
Cβ ⊗ Cγ and ǫ(Cα) = 0 if α 6= 1.
Let us denote by pα : C → Cα the canonical projection. Then {Cα}α∈pi is a
π-coalgebra with comultiplication {(pα ⊗ pβ)∆|Cαβ}α,β∈pi and counit ǫ|C1 . Con-
versely, if C = ({Cα},∆, ǫ) is a π-coalgebra, then C˜ = ⊕α∈piCα is a π-graded
coalgebra with comultiplication ∆˜ and counit ǫ˜ given on the summands by
∆˜|Cα =
∑
βγ=α
∆β,γ and ǫ˜|Cα =
{
ǫ if α = 1
0 if α 6= 1
.
Let now H = ({Hα,mα, 1α},∆, ǫ, S) be a Hopf π-coalgebra, where π is a finite
group. Then the coalgebra (H˜, ∆˜, ǫ˜), defined as above, is a Hopf algebra with
multiplication m˜, unit element 1˜, and antipode S˜ given by
m˜|Hα⊗Hβ =
{
mα if α = β
0 if α 6= β
, 1˜ =
∑
α∈pi
1α, and S˜ =
∑
α∈pi
Sα.
When H is finite dimensional and π is finite, the Hopf algebra H∗ (see §1.3.4)
is simply the dual Hopf algebra H˜∗.
Remark. When π is finite, the structure of π-comodules over a π-coalgebra C (The-
orem 1), the existence of π-integrals for a finite dimensional Hopf π-coalgebra H
(Theorem 3) and their relations with the distinguished π-grouplike element (Theo-
rem 4) can be deduced from the classical theory of coalgebras and Hopf algebras by
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using C˜ or H˜ (defined as in §1.3.5). Nevertheless, for the general case, self-contained
proofs must be given.
In general, the results relating to a quasitriangular Hopf π-coalgebra (see Sect.
6-7) cannot be deduced from the classical theory of quasitriangular Hopf algebras.
Indeed, even if π is finite, an R-matrix for a Hopf π-coalgebra H (whose definition
involves an action of π, see §6.2) does not necessarily lead to a usual R-matrix for
the Hopf algebra H˜ .
2. Modules and comodules
In this section, we introduce and discuss the notions of π-comodules, rational
π-graded modules, and Hopf π-comodules. They are used in Section 3 to show the
existence of integrals.
2.1. π-comodules. Let C = ({Cα},∆, ǫ) be a π-coalgebra. A right π-comodule
over C is a family M = {Mα}α∈pi of k-spaces endowed with a family ρ = {ρα,β :
Mαβ →Mα ⊗ Cβ}α,β∈pi of k-linear maps (the structure maps) such that
(2.1.a) for any α, β, γ ∈ π,
(ρα,β ⊗ idCγ )ραβ,γ = (idMα ⊗∆β,γ)ρα,βγ ;
(2.1.b) for any α ∈ π,
(idMα ⊗ǫ)ρα,1 = idMα .
Note thatM1 endowed with the structure map ρ1,1 is a (usual) right C1-comodule.
If π is finite and C˜ = ⊕α∈piCα is the π-graded coalgebra defined as in §1.3.5,
then M leads to a π-graded comodule M˜ = ⊕α∈piMα over C˜ with comodule map
ρ˜ =
∑
α,β∈pi ρα,β (see [NT93]).
A π-subcomodule of M is a family N = {Nα}α∈pi, where Nα is a k-subspace of
Mα, such that ρα,β(Nαβ) ⊂ Nα⊗Cβ for all α, β ∈ π. Then N is a right π-comodule
over C with induced structure maps.
A π-comodule morphism between two right π-comodulesM andM ′ over C (with
structure maps ρ and ρ′) is a family f = {fα : Mα → M ′α}α∈pi of k-linear maps
such that ρ′α,βfαβ = (fα ⊗ idCβ)ρα,β for all α, β ∈ π.
Sweedler’s notation. We extend the notation of Section 1.1 by setting, for any
α, β ∈ π and m ∈Mαβ,
ρα,β(m) = m(0,α) ⊗m(1,β) ∈Mα ⊗ Cβ .
Axiom (2.1.a) gives that, for any α, β, γ ∈ π and m ∈Mαβγ ,
m(0,αβ)(0,α) ⊗m(0,αβ)(1,β) ⊗m(1,γ) = m(0,α) ⊗m(1,βγ)(1,β) ⊗m(1,βγ)(2,γ).
This element of Mα ⊗ Cβ ⊗ Cγ is written as m(0,α) ⊗ m(1,β) ⊗ m(2,γ). For any
m ∈Mα0α1···αn , we define inductively m(0,α0)⊗m(1,α1)⊗ · · ·⊗m(n,αn) by iterating
the procedure.
Let N = {Nα}α∈pi be a π-subcomodule of a right π-comodule M = {Mα}α∈pi
over a π-coalgebra C. One easily checks that M/N = {Mα/Nα}α∈pi is a right
π-comodule over C, with structure maps naturally induced from the structure maps
of M . Moreover this is the unique structure of a right π-comodule over C on M/N
which makes the canonical projection p = {pα : Mα →Mα/Nα}α∈pi a π-comodule
morphism.
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If f = {fα : Mα → M ′α}α∈pi is a π-comodule morphism between two right
π-comodules M and M ′, then ker(f) = {ker(fα)}α∈pi is a π-subcomodule of M ,
f(M) = {fα(Mα)}α∈pi is a π-subcomodule of M ′, and the canonical isomorphism
f¯ = {f¯α : Mα/ ker(fα)→ fα(Mα)}α∈pi is a π-comodule isomorphism.
Example 1. LetH be a Hopf π-coalgebra andM = {Mα}α∈pi be a right π-comodule
over H with structure maps ρ = {ρα,β}α,β∈pi. The coinvariants of H on M are the
elements of the k-space
{m = (mα)α∈pi ∈ Π
α∈pi
Mα | ρα,β(mαβ) = mα ⊗ 1β for all α, β ∈ π}.
For any α ∈ π, let M coHα be the image of the (canonical) projection of this set onto
Mα. It is easy to verify that M
coH = {M coHα }α∈pi is a right π-subcomodule of M ,
called the π-subcomodule of coinvariants.
2.2. Rational π-graded modules. Throughout this subsection, C = ({Cα},∆, ǫ)
will denote a π-coalgebra and C∗ = ⊕α∈piC∗α its dual π-graded algebra (see §1.2).
In this subsection we explore the relationships between right π-comodules over C
and π-graded left C∗-modules.
Let M = ⊕α∈piMα be a π-graded left C
∗-module with action ψ : C∗ ⊗M →M .
Set Mα =Mα−1 . For any α, β ∈ π, define
(2.2.a) ρα,β : Mαβ → Homk(C
∗
β ,Mα) by ρα,β(m)(f) = ψ(f ⊗m).
There is a natural embedding
Mα ⊗ Cβ →֒ Homk(C
∗
β ,Mα) m⊗ c 7→ (f 7→ f(c)m).
Regard this embedding as inclusion, so that Mα ⊗ Cβ ⊂ Homk(C∗β ,Mα). The
π-graded left C∗-module M is said to be rational provided ρα,β(Mαβ) ⊂Mα ⊗Cβ
for all α, β ∈ π. In this case, the restriction of ρα,β onto Mα ⊗ Cβ will also be
denoted by
(2.2.b) ρα,β :Mαβ →Mα ⊗ Cβ .
The definition given here generalizes that of a rational π-graded left module
given in [NT93] and agrees with it when π is finite.
The next theorem generalizes [NT93, Theorem 6.3] and [Swe70, Theorem 2.1.3].
Theorem 1. Let C be a π-coalgebra. Then
(a) There is a one-to-one correspondence between (isomorphic classes of) right
π-comodules over C and (isomorphic classes of) rational π-graded left C∗-
modules.
(b) Every graded submodule of a rational π-graded left C∗-module is rational.
(c) Any π-graded left C∗-module L = ⊕α∈piLα has a unique maximal rational
graded submodule, noted Lrat, which is equal to the sum of all rational
graded submodules of L. Moreover, if ρ = {ρα,β}α,β∈pi is defined as in
(2.2.a), then (Lrat)γ = ∩
α,β∈pi
αβ=γ−1
ρ−1α,β(Lα ⊗ Cβ) for any γ ∈ π.
Before proving the theorem, we needs two lemmas. Recall that a left module M
over a π-graded algebra A = ⊕α∈piAα is graded if M admits a decomposition as a
direct sum of k-spaces M = ⊕α∈piMα such that AαMβ ⊂ Mαβ for all α, β ∈ π. A
submodule N of M is graded if N = ⊕α∈pi(N ∩Mα). The quotient M/N is then a
left π-graded A-module by setting (M/N)α = (Mα + N)/N for all α ∈ π. This is
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the unique structure of a π-graded A-module on M/N which makes the canonical
projection M →M/N a graded A-morphism.
Let M = {Mα}α∈pi be a family of k-spaces and ρ = {ρα,β : Mαβ → Mα ⊗
Cβ}α,β∈pi be a family of k-linear maps. Set M = ⊕α∈piMα, where Mα = Mα−1 .
Let ψρ : C
∗ ⊗M →M be the k-linear map defined on the summands by
C∗α ⊗Mβ
idC∗α ⊗ ρ(αβ)−1 ,α✲ C∗α ⊗Mαβ ⊗ Cα
σC∗α,Mαβ
⊗ idCα
✲ Mαβ ⊗ C∗α ⊗ Cα
idMαβ
⊗〈,〉
✲ Mαβ ⊗ k ∼=Mαβ ,
where 〈 , 〉 denotes the natural pairing between C∗α and Cα.
Lemma 2. (M,ρ) is a right π-comodule over C if and only if (M,ψρ) is a π-graded
left C∗-module.
Proof. Suppose that (M,ρ) is a right π-comodule over C. Firstly, for any m ∈Mα,
ψρ(ǫ ⊗m) = m(0,α−1)ǫ(m(1,1)) = m, by (2.1.b). Secondly, for any f ∈ C
∗
α, g ∈ C
∗
β ,
and m ∈Mγ ,
ψρ(fg ⊗m) = m(0,(αβγ)−1)fg(m(1,αβ))
= m(0,(αβγ)−1)f(m(1,α))g(m(2,β))
= ψρ(f ⊗m(0,(βγ)−1)g(m(1,β)))
= ψρ(f ⊗ ψρ(g ⊗m)).
Moreover, by construction, ψρ(C
∗
α ⊗Mβ) ⊂Mαβ for any α, β ∈ π. Hence (M,ψρ)
is a π-graded left C∗-module.
Conversely, suppose that (M,ψρ) is a left π-graded C
∗-module. Since, for all
α ∈ π andm ∈Mα =Mα−1 , (idMα ⊗ǫ)ρα,1(m) = ψρ(ǫ⊗m) = m, (2.1.b) is verified.
To show that (2.1.a) is satisfied, let α, β, γ ∈ π and m ∈Mαβγ . Set
δ = (ρα,β ⊗ idCγ )ραβ,γ(m)− (idMα ⊗∆β,γ)ρα,βγ(m) ∈Mα ⊗ Cβ ⊗ Cγ .
Suppose that δ 6= 0. Then there exists F ∈ (Mα ⊗ Cβ ⊗ Cγ)∗ such that F (δ) 6= 0.
NowM∗α⊗C
∗
β⊗C
∗
γ is dense in the linear topological space (Mα⊗Cβ⊗Cγ)
∗ endowed
with the (Mα⊗Cβ ⊗Cγ)-topology (see [Abe80, page 70]). Thus (M∗α⊗C
∗
β ⊗C
∗
γ)∩
(F + δ⊥) 6= ∅, where δ⊥ = {f ∈ (Mα ⊗ Cβ ⊗ Cγ)∗ | f(δ) = 0}. Then there exists
G ∈M∗α ⊗C
∗
β ⊗C
∗
γ such that G(δ) 6= 0. Now, for all f ∈M
∗
α, g ∈ C
∗
β , and h ∈ C
∗
γ ,
(f ⊗ g ⊗ h)(ρα,β ⊗ idCγ )ραβ,γ(m) = f ◦ ψρ(g ⊗ ψρ(h⊗m))
= f ◦ ψρ(gh⊗m)
= (f ⊗ g ⊗ h)(idMα ⊗∆β,γ)ρα,βγ(m),
i.e., (f ⊗ g⊗ h)(δ) = 0. Therefore G(δ) = 0, which is a contradiction. We conclude
that δ = 0 and then (ρα,β ⊗ idCγ )ραβ,γ = (idMα ⊗∆β,γ)ρα,βγ . Hence (M,ρ) is a
right π-comodule over C. 
Lemma 3. Let M = ⊕α∈piMα be a rational π-graded left C∗-module. Then M =
{Mα}α∈pi, endowed with the structure maps ρ = {ρα,β}αβ∈pi defined by (2.2.b), is
a right π-comodule over C.
Proof. Let ψρ : C
∗⊗M →M be the map defined as in Lemma 2. It is easy to verify
that (M,ψρ) = (M,ψ). Thus (M,ψρ) is a π-graded left C
∗-module and hence, by
Lemma 2, (M,ρ) is a right π-comodule over C. 
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Proof of Theorem 1. Part (a) follows directly from Lemmas 2 and 3. To show Part
(b), let N be a graded submodule of a rational π-graded left C∗-module (M,ψ).
Let ρα,β : Nαβ → Homk(C∗β , Nα) defined by ρα,β(m)(f) = ψ(f ⊗m). Suppose that
there exist α, β ∈ π and n ∈ Nαβ such that ρα,β(n) 6∈ Nα⊗Cβ . SinceM is rational,
we can write ρα,β(n) =
∑k
i=1 ni ⊗ ci ∈ Mα ⊗ Cβ . Without loss of generality, we
can assume that the ci are k-linearly independent and n1 6∈ Nα. Let f ∈ C∗β such
that f(c1) = 1 and f(ci) = 0 for i ≥ 2. Now ψ(f ⊗ n) =
∑k
i=1 nif(ci) = n1 6∈
Nα = Nα−1 , contradicting the fact that N is a graded submodule of M . Thus
ρα,β(Nαβ) ⊂ Nα ⊗ Cβ for all α, β ∈ π. Hence N is rational.
Let us show Part (c). Denote by · the left action of C∗ on L. Set Lα = Lα−1 and
ρα,β : Lαβ → Homk(C∗β , Lα) given by ρα,β(m)(f) = f ·m. Recall Lα ⊗ Cβ can be
viewed as a subspace of Homk(C
∗
β , Lα) via the embedding Lα⊗Cβ →֒ Homk(C
∗
β , Lα)
given by m⊗c 7→ (f 7→ f(c)m). DefineMγ = ∩αβ=γ−1ρ
−1
α,β(Lα⊗Cβ) for any γ ∈ π,
and set M = ⊕γ∈piMγ . Fix α, β ∈ π, f ∈ C∗α, and m ∈Mβ. Let u, v ∈ π such that
uv = (αβ)−1. We can write ρu,vα(m) =
∑k
i=1 li ⊗ ci ∈ Lu ⊗ Cvα. Now, for any
g ∈ C∗v , g · (f ·m) = (gf) ·m =
∑k
i=1 gf(ci) li =
∑k
i=1 g(f(ci(2,α))ci(1,v)) li. Then
ρu,v(f · m) =
∑k
i=1 li ⊗ f(ci(2,α))ci(1,v) ∈ Lu ⊗ Cv and so f ·m ∈ ρ
−1
u,v(Lu ⊗ Cv).
Hence f ·m ∈ ∩uv=(αβ)−1ρ
−1
u,v(Lu⊗Cv) =Mαβ . ThereforeM is a graded submodule
of L. Moreover one easily checks at this point that ρα,β(Mαβ) ⊂Mα ⊗Cβ for any
α, β in π. Thus M is rational.
Suppose now that N is another rational graded submodule of L and denote by
̺ = {̺α,β}α,β∈pi its corresponding π-comodule structure maps (see Lemma 3). Let
γ ∈ π and α, β ∈ π such that αβ = γ−1. By the definition of ρα,β and ̺α,β and
of the embedding Nα ⊗ Cβ ⊂ Lα ⊗ Cβ ⊂ Homk(C∗β , Lα), it follows that ρα,β|N =
̺α,β : Nαβ → Nα ⊗ Cβ . Thus ρα,β(Nγ) = ̺α,β(Nαβ) ⊂ Nα ⊗ Cβ ⊂ Lα ⊗ Cβ , and
so Nγ ⊂ ρ
−1
α,β(Lα ⊗ Cβ). This holds for all α, β ∈ π such that αβ = γ
−1. Thus
Nγ ⊂ ∩αβ=γ−1ρ
−1
α,β(Lα ⊗ Cβ) =Mγ for any γ ∈ π. Hence N ⊂M . Therefore M is
the unique maximal rational graded submodule of L and is the sum of all rational
graded submodules of L. 
Remark that, using Lemma 3 and Theorem 1(c), a unique “maximal” right
π-comodule M rat over C can be associated to any π-graded left C∗-module M .
2.3. Hopf π-comodules. In this subsection, we introduce and discuss the notion
of a Hopf π-comodule.
Let H = ({Hα,mα, 1α},∆, ǫ, S) be a Hopf π-coalgebra. A right Hopf π-comodule
over H is a right π-comodule M = {Mα}α∈pi over H such that
(2.3.a) Mα is a right Hα-module for any α ∈ π;
(2.3.b) Let us denote by ψα :Mα⊗Hα → Hα the right action of Hα onMα and by
ρ = {ρα,β}α,β∈pi the π-comodule maps of M . These structures are required
to be compatible in the sense that, for any α, β ∈ π, the following diagram
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is commutative:
Mαβ ⊗Hαβ
ψαβ ✲ Mαβ
ρα,β ✲ Mα ⊗Hβ
Mα ⊗Hβ ⊗Hα ⊗Hβ
ρα,β⊗∆α,β
❄
idMα ⊗σHβ,Hα⊗idHβ
✲ Mα ⊗Hα ⊗Hβ ⊗Hβ
ψα⊗mβ
✻
When π = 1, one recovers the definition of a Hopf module (see [LS69]).
Note that Axiom (2.3.b) means that ρα,β :Mαβ →Mα⊗Hβ is Hαβ-linear, where
Mα ⊗Hβ is endowed with the right Hαβ-module structure given by
(m⊗ h) · a = ψα(m⊗ a(1,α))⊗ h a(2,β).
A Hopf π-subcomodule of M is a π-subcomodule N = {Nα}α∈pi of M such that
Nα is a Hα-submodule of Mα for any α ∈ π. Then N is a right Hopf π-comodule
over H .
A Hopf π-comodule morphism between two right Hopf π-comodules M and M ′
is a π-comodule morphism f = {fα :Mα →M ′α}α∈pi between M and M
′ such that
fα is Hα-linear for any α ∈ π.
Example 2. LetH be a Hopf π-coalgebra andM = {Mα}α∈pi be a right π-comodule
over H , with structure maps ρ = {ρα,β}α,β∈pi. For any α ∈ π, set (M ⊗ H)α =
Mα ⊗Hα. The multiplication in Hα induces a structure of a right Hα-module on
(M ⊗H)α by setting (m⊗h) ⊳ a = m⊗ha. Define the π-comodule structure maps
ξα,β : (M ⊗H)αβ → (M ⊗H)α ⊗Hβ by
ξα,β(m⊗ h) = m(0,α) ⊗ h(1,α) ⊗m(1,β)h(2,β).
Here we write as usual ρα,β(m) = m(0,α) ⊗m(1,β) and ∆α,β(h) = h(1,α) ⊗ h(2,β).
One easily verifies that M ⊗H = {(M ⊗H)α}α∈pi is a right Hopf π-comodule over
H , called trivial.
In the next theorem, we show that a Hopf π-comodule can be canonically de-
composed. This generalizes the fundamental theorem of Hopf modules (see [LS69,
Proposition 1]).
Theorem 2. Let H be a Hopf π-coalgebra and M = {Mα}α∈pi be a right Hopf
π-comodule over H. Consider the π-subcomodule of coinvariants M coH of M (see
Example 1) and the trivial right Hopf π-comodule M coH⊗H (see Example 2). Then
there exists a Hopf π-comodule isomorphism M ∼=M coH ⊗H.
Proof. We will denote by · (resp. ⊳) the right action ofHα onMα (resp. on (M coH⊗
H)α) and by ρ = {ρα,β}α,β∈pi (resp. ξ = {ξα,β}α,β∈pi) the π-comodule structure
maps of M (resp. of M coH ⊗ H). For any α ∈ π, define Pα : M1 → Mα by
Pα(m) = m(0,α) · Sα−1(m(1,α−1)). Remark first that, for any m ∈M1, (Pα(m))α∈pi
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is a coinvariant of H on M . Indeed, if m ∈M1,
ρα,β(Pαβ(m))
= ρα,β(m(0,αβ) · S(αβ)−1(m(1,(αβ)−1)))
= ρα,β(m(0,αβ)) ·∆α,βS(αβ)−1(m(1,(αβ)−1)) by (2.3.b)
= m(0,α) · Sα−1(m(3,α−1))⊗m(1,β)Sβ−1(m(2,β−1)) by Lemma 1(c)
= m(0,α) · Sα−1(ǫ(m(1,1))m(2,α−1))⊗ 1β by (1.3.c)
= m(0,α) · Sα−1(m(1,α−1))⊗ 1β by (1.1.b)
= Pα(m)⊗ 1β.
For any α ∈ π, define fα : (M coH⊗H)α →Mα by f(m⊗h) = m ·h. Then fα is Hα-
linear since fα(m⊗h) ·a = (m ·h) ·a = m ·ha = fα((m⊗h) ⊳ a) for all m ∈M coHα
and h, a ∈ Hα. Moreover (fα ⊗ idHβ )ξα,β = ρα,βfαβ for all α, β ∈ π. Indeed let
m ∈ M coHαβ and h ∈ Hαβ . By the definition of M
coH
αβ , there exists a coinvariant
(mγ)γ∈pi of H on M such that m = mαβ . In particular ρα,β(m) = mα ⊗ 1β. Thus
(fα ⊗ idHβ )ξα,β(m⊗ h) = mα · h(1,α) ⊗ h(2,β)
= ρα,β(m) ·∆α,β(h)
= ρα,β(m · h) by (2.3.b)
= ρα,β(fαβ(m⊗ h)).
Then f = {fα}α∈pi : M coH ⊗ H → M is a Hopf π-comodule morphism. To
show that f is an isomorphism, we construct its inverse. For any α ∈ π, define
gα :Mα →M coHα ⊗Hα by gα = (Pα ⊗ idHα)ρ1,α. The map gα is well-defined since
(Pγ(m))γ∈pi is a coinvariant of H on M for all m ∈M1, and is Hα-linear since, for
any x ∈Mα and a ∈ Hα,
gα(x · a) = (Pα ⊗ idHα)ρ1,α(x · a)
= (Pα ⊗ idHα)(ρ1,α(x) ·∆1,α(a)) by (2.3.b)
= Pα(x(0,1) · a(1,1))⊗ x(1,α)a(2,α)
= (x(0,α) · a(1,α)) · Sα−1(x(1,α−1)a(2,α−1))⊗ x(2,α)a(3,α) by (2.3.b)
= x(0,α) · (a(1,α)Sα−1(a(2,α−1))Sα−1(x(1,α−1)))⊗ x(2,α)a(3,α)
= x(0,α) · Sα−1(x(1,α−1))⊗ x(2,α)ǫ(a(1,1))a(2,α) by (1.3.c)
= x(0,α) · Sα−1(x(1,α−1))⊗ x(2,α)a by (1.1.b)
= gα(x) ⊳ a.
Moreover (gα ⊗ idHβ )ρα,β = ξα,βgαβ for all α, β ∈ π. Indeed, for any x ∈Mαβ ,
ξα,β(gαβ(x)) = ξα,β(Pαβ(x(0,1))⊗ x(1,αβ))
= Pαβ(x(0,1))(0,α) ⊗ x(1,αβ)(1,α) ⊗ Pαβ(x(1,1))(1,β)x(1,αβ)(2,β),
and so, since (Pγ(x(0,1)))γ∈pi is a π-coinvariant of H on M ,
ξα,β(gαβ(x)) = Pα(x(0,1))⊗ x(1,α) ⊗ x(2,β)
= gα(x(0,α))⊗ x(1,β)
= (gα ⊗ idHβ )ρα,β(x).
Thus g = {gα}α∈pi : M → M coH ⊗H is a Hopf π-comodule morphism. It remains
now to verify that gαfα = idMcoHα ⊗Hα and fαgα = idMα for any α ∈ π. Let
m ∈ M coHα and h ∈ Hα. By the definition of M
coH
α , there exists a coinvariant
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(mγ)γ∈pi of H on M such that m = mα. In particular, ρ1,α(m) = m1 ⊗ 1α and
Pα(m1) = mα · Sα−1(1α−1) = m · 1α = m. Then
gαfα(m⊗ h) = gα(m · h)
= gα(m) ⊳ h since gα is Hα-linear
= (Pα(m1)⊗ 1α) ⊳ h
= m⊗ h.
Finally, for all x ∈Mα,
fαgα(x) = (x(0,α) · Sα−1(x(1,α−1))) · x(2,α)
= x(0,α) · (Sα−1(x(1,α−1))x(2,α))
= x(0,α)ǫ(x(1,1)) · 1α by (1.3.c)
= x by (2.1.b).
Hence g = f−1 and f and g are Hopf π-comodule isomorphisms. 
3. Existence and uniqueness of π-integrals
In this section, we introduce and discuss the notion of a π-integral for a Hopf
π-coalgebra. In particular, by generalizing the arguments of [Swe70, §5], we show
that, in the finite dimensional case, the space of left (resp. right) π-integrals is one
dimensional.
3.1. π-integrals. We first recall that a left (resp. right) integral for a Hopf algebra
(A,∆, ǫ, S) is an element Λ ∈ A such that xΛ = ǫ(x)Λ (resp. Λx = ǫ(x)Λ) for all
x ∈ A. A left (resp. right) integral for the dual Hopf algebra A∗ is a k-linear form
λ ∈ A∗ verifying (f ⊗λ)∆ = f(1A)λ (resp. (λ⊗ f)∆ = f(1A)λ) for all f ∈ A∗. Let
us extend this notion to the setting of a Hopf π-coalgebra.
Let H = ({Hα,mα, 1α},∆, ǫ, S) be a Hopf π-coalgebra. A left (resp. right)
π-integral for H is a family of k-linear forms λ = (λα)α∈pi ∈ Πα∈piH∗α such that,
for all α, β ∈ π,
(3.1.a) (idHα ⊗λβ)∆α,β = λαβ 1α (resp. (λα ⊗ idHβ )∆α,β = λαβ 1β ).
Note that λ1 is a usual left (resp. right) integral for the Hopf algebra H
∗
1 .
If we use the multiplication of the dual π-graded algebra H∗ of H (see §1.2), we
have that λ = (λα)α∈pi ∈ Πα∈piH∗α is a left (resp. right) π-integral for H if and only
if, for all α, β ∈ π and f ∈ H∗α (resp. g ∈ H
∗
β),
fλβ = f(1α)λαβ (resp. λαg = g(1α)λαβ ).
A π-integral λ = (λα)α∈pi for H is said to be non-zero if λβ 6= 0 for some β ∈ π.
Lemma 4. Let λ = (λα)α∈pi be a non-zero left (resp. right) π-integral for H. Then
λα 6= 0 for all α ∈ π such that Hα 6= 0. In particular λ1 6= 0.
Proof. Let λ = (λα)α∈pi be a left π-integral for H such that λβ 6= 0 for some
β ∈ π and let α ∈ π such that Hα 6= 0. Then Hβα−1 6= 0 (by Corollary 1) and
so 1βα−1 6= 0. Using (3.1.a), we have that (idHβα−1 ⊗λα)∆βα−1,α = λβ1βα−1 6= 0.
Hence λα 6= 0. The right case can be done similarly. 
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Remark. LetH be a finite dimensional Hopf π-coalgebra. Consider the Hopf algebra
H∗ dual to H (see §1.3.4). If Hα = 0 for all but a finite number of α ∈ π, then
λ = (λα)α∈pi ∈ Πα∈piH∗α is a left (resp. right) π-integral forH if and only if
∑
α∈pi λα
is a left (resp. right) integral for H∗. If Hα 6= 0 for infinitely many α ∈ π, then H∗
is infinite dimensional and thus does not have any non-zero left or right integral
(see [Swe69]). Nevertheless we show in the next subsection that H always has a
non-zero π-integral.
3.2. The space of π-integrals is one dimensional. It is known (see [Swe70,
Corollary 5.1.6]) that the space of left (resp. right) integrals for a finite dimensional
Hopf algebra is one dimensional. In this subsection, we generalize this result to
finite dimensional Hopf π-coalgebras.
Let H = {Hα}α∈pi be a Hopf π-coalgebra (not necessarily finite dimensional).
The dual π-graded algebra H∗ of H (see §1.2) is a π-graded left H∗-module via
left multiplication. Let (H∗)rat be its maximal rational π-graded submodule (see
Theorem 1(c)). Denote by H = (H∗)rat = {Hα}α∈pi the right π-comodule over H
which corresponds to it by Lemma 3. Recall that Hα ⊂ H
∗
α−1
for any α ∈ π. The
π-comodule structure maps of H will be denoted by ρ = {ρα,β}α,β∈pi.
Lemma 5. Let λ = (λα)α∈pi ∈ Πα∈piH
∗
α. Then λ is a left π-integral for H if and
only if (λα−1)α∈pi is a coinvariant of H on H
 (see Example 1).
Proof. Suppose that λ is a left π-integral for H . Fix γ ∈ π. Let α, β ∈ π such that
αβ = γ. We have that ρα,β(λγ−1) = λα−1⊗1β ∈ H∗α⊗Hβ since fλγ−1 = f(1β)λα−1
for all f ∈ H∗β . Therefore λγ−1 ∈ ∩αβ=γ ρ
−1
α,β(H
∗
α ⊗ Hβ) = H
∗rat
γ−1
= Hγ , see
Theorem 1(c). Hence, since ρα,β(λ(αβ)−1) = λα−1 ⊗ 1β for all α, β ∈ π, (λα−1)α∈pi
is a coinvariant of H on H. Conversely, suppose that (λα−1)α∈pi is a coinvariant
of H on H. Let α, β ∈ π. Then ρ(αβ)−1,α(λβ) = λαβ ⊗ 1α, i.e., fλβ = f(1α)λαβ
for all f ∈ H∗α. Hence λ is a left π-integral for H . 
For all α ∈ π, we define a right Hα-module structure on Hα by setting
(f ↽ a)(x) = f(xSα(a))
for any f ∈ Hα , a ∈ Hα, and x ∈ Hα−1 .
Lemma 6. H is a right Hopf π-comodule over H.
Proof. Let us first show that for any α, β ∈ π, f ∈ Hαβ , a ∈ Hαβ , and g ∈ H
∗
β ,
(3.2.a) g(f ↽ a) = f(0,α) ↽ a(1,α)〈g, f(1,β)a(2,β)〉,
where 〈 , 〉 denotes the natural pairing between H∗β and Hβ . Remark first that
1β ⊗ Sαβ(a) = ǫ(a(2,1)) 1β ⊗ Sαβ(a(1,αβ)) by (1.1.b)
= Sβ−1(a(2,β−1))a(3,β) ⊗ Sαβ(a(1,αβ)) by (1.3.c)
= Sα(a(1,α))(1,β)a(2,β) ⊗ Sα(a(1,α))(2,(αβ)−1) by Lemma 1(c).
Then, for all x ∈ Hα−1 ,
x(1,β) ⊗ x(2,(αβ)−1)Sαβ(a)
= x(1,β)Sα(a(1,α))(1,β)a(2,β) ⊗ x(2,(αβ)−1)Sα(a(1,α))(2,(αβ)−1)
= (xSα(a(1,α)))(1,β)a(2,β) ⊗ (xSα(a(1,α)))(2,(αβ)−1) by (1.3.b),
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and so
g(f ↽ a)(x) = 〈g, x(1,β)〉〈f ↽ a, x(2,(αβ)−1)〉
= 〈g, x(1,β)〉〈f, x(2,(αβ)−1)Sαβ(a)〉
= 〈g, (xSα(a(1,α)))(1,β)a(2,β)〉〈f, (xSα(a(1,α)))(2,(αβ)−1)〉
= ((a(2,β) ⇀ g)f)↽ a(1,α)(x),
where ⇀ is the left Hβ-action on H
∗
β defined by (b ⇀ l)(y) = l(yb) for any l ∈ H
∗
β
and b, y ∈ Hβ . Then
g(f ↽ a) = ((a(2,β) ⇀ g)f)↽ a(1,α)
= (f(0,α)〈a(2,β) ⇀ g, f(1,β)〉) ↽ a(1,α) by definition of ρα,β
= f(0,α) ↽ a(1,α)〈g, f(1,β)a(2,β)〉,
and hence (3.2.a) is proved.
Recall that the π-comodule structure map ρα,β of H
 is, via the natural em-
bedding Hα ⊗Hβ ⊂ H
∗
α ⊗Hβ →֒ Homk(H
∗
β , H
∗
α), the restriction onto H

α ⊗Hβ of
the map ξα,β : H

αβ → Homk(H
∗
β , H
∗
α) defined by ξα,β(f)(g) = gf . Let γ ∈ π. By
(3.2.a), we have that, for any α, β ∈ π such that αβ = γ, f ∈ Hγ , and a ∈ Hγ ,
ξα,β(f ↽ a) = f(0,α) ↽ a(1,α) ⊗ f(1,β)a(2,β) ∈ (H

α ↽ a(1,α))⊗Hβ ⊂ H
∗
α ⊗Hβ.
Therefore, by Theorem 1(c), f ↽ a ∈ ∩αβ=γξ
−1
α,β(H
∗
α ⊗ Cβ) = H

γ . Hence the
action of Hγ on H

γ is well-defined. This is a right action because Sγ is unitary and
anti-multiplicative (see Lemma 1). Finally, Axiom (2.3.b) is satisfied since (3.2.a)
says that ρα,β(f ↽ a) = f(0,α) ↽ a(1,α) ⊗ f(1,β)a(2,β) for any α, β ∈ π, f ∈ H

αβ ,
and a ∈ Hαβ . Thus H is a right Hopf π-comodule over H . 
By Theorem 2, the Hopf π-comodule H is isomorphic to the Hopf π-comodule
(H)coH ⊗ H . Let f = {fα : (H)coHα ⊗ Hα → H

α }α∈pi be the right Hopf
π-comodule isomorphism between them as in the proof Theorem 2. Recall that
fα(m⊗ h) = m↽ h for any α ∈ π, m ∈ (H)coHα , and h ∈ Hα.
Lemma 7. If there exists a non-zero left π-integral for H, then Sα is injective for
all α ∈ π.
Proof. Suppose that λ = (λα)α∈pi is a non-zero left π-integral for H . Let α ∈ π. If
Hα = 0, then the result is obvious. Let us suppose that Hα 6= 0. Then Hα−1 6= 0 by
Corollary 1 and so λα−1 6= 0 (by Lemma 4). Let h ∈ Hα such that Sα(h) = 0. By
Lemma 5, λα−1 ∈ H
coH
α . Now fα(λα−1 ⊗ h) = λα−1 ↽ h = 0 (since Sα(h) = 0).
Thus λα−1 ⊗h = 0 (since fα is an isomorphism) and so h = 0 (since λα−1 6= 0). 
Theorem 3. Let H be a finite dimensional Hopf π-coalgebra. Then the space of
left (resp. right) π-integrals for H is one-dimensional.
Proof. For any α, β ∈ π, since H is finite dimensional and H∗α = H
∗
α−1
, we have
that dimH∗α ⊗Hβ = dimHomk(H
∗
β , H
∗
α) < +∞. Therefore the natural embedding
H∗α ⊗ Hβ →֒ Homk(H
∗
β , H
∗
α) is an isomorphism. Thus H
∗ is a rational π-graded
H∗-module (see §2.2) and so Hα = H
∗
α−1
for all α ∈ π. Now dim(H)coH1 = 1 since
(H)coH1 ⊗ H1
∼= H1 , dimH1 = dimH
∗
1 = dimH

1 < +∞, and dimH1 6= 0 (by
Corollary 1). Hence there exists a π-coinvariant (ψα)α∈pi of H on H
 such that
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ψ1 6= 0. Set λα = ψα−1 for any α ∈ π. By Lemma 5, λ = (λα)α∈pi is then a left
π-integral for H . Moreover λ1 = ψ1 6= 0 and so λ is non-zero.
Suppose now that δ = (δα)α∈pi is another left π-integral for H . Let α ∈ π such
that Hα 6= 0. By Lemma 7, Sα and Sα−1 are injective (since there exists a non-
zero left integral for H) and so dimHα = dimHα−1 . Therefore dim(H
)coHα = 1
since (H)coHα ⊗Hα
∼= Hα and 0 6= dimHα = dimH

α < +∞. Now λα−1 , δα−1 ∈
(H)coHα by Lemma 5 and λα−1 6= 0 (by Lemma 4). Hence there exists kα ∈ k such
that δα−1 = kα λα−1 . If α ∈ π is such that Hα 6= 0, then
k1λ1 1α = δ1 1α = (idHα ⊗δα−1)∆α,α−1 = kα(idHα ⊗λα−1)∆α,α−1 = kαλ1 1α,
and thus kα = k1 (since λ1 6= 0 and 1α 6= 0). If α ∈ π is such that Hα = 0, then
δα = 0 = λα and so δα = k1 λα. Hence we can conclude that δ is a scalar multiple
of λ.
To show the existence and the uniqueness of right π-integrals for H , it suffices
to consider the coopposite Hopf π-coalgebra Hcop to H (see §1.3.2). Indeed λ =
(λα)α∈pi ∈ Πα∈piH∗α is a right π-integral for H if and only if (λα−1)α∈pi is a left
π-integral for Hcop. This completes the proof of the theorem. 
Corollary 2. Let H = {Hα}α∈pi be a finite dimensional Hopf π-coalgebra. Then
(a) The antipode S = {Sα}α∈pi of H is bijective.
(b) Let α ∈ π. Then H∗α is a free left (resp. right) Hα-module for the action
defined, for any f ∈ H∗α and a, x ∈ Hα, by
(a ⇀ f)(x) = f(xa) (resp. (f ↼ a)(x) = f(ax)).
Its rank is 1 if Hα 6= 0 and 0 otherwise. Moreover, if λ = (λβ)β∈pi is a
non-zero left (resp. right) π-integral for H, then λα is a basis vector for
H∗α.
Proof. To show Part (a), let α ∈ π. By Lemma 7 and Theorem 3, Sα : Hα → Hα−1
and Sα−1 : Hα−1 → Hα are injective. Thus dimHα = dimHα−1 and so Sα is
bijective. To show Part (b), let λ = (λα)α∈pi be a non-zero left π-integral for H and
fix α ∈ π. If Hα = 0, then the result is obvious. Let us suppose that Hα 6= 0. Recall
thatH
α−1
= H∗α and fα−1 : (H
∗)coHα ⊗Hα−1 → H
∗
α defined by f⊗h 7→ Sα−1(h) ⇀ f
is an isomorphism. Since 0 6= λα ∈ (H
∗)coHα , dim(H
∗)coHα = 1, and Sα−1 is bijective,
the map Hα → H∗α defined by h 7→ h ⇀ λα is an isomorphism. Thus (H
∗
α,⇀) is a
free left Hα-module of rank 1 with vector basis λα. Using H
op,cop (see §1.3.3), one
easily deduces the right case. 
4. The distinguished π-grouplike element
In this section, we extend the notion of a grouplike element of a Hopf algebra to
the setting of a Hopf π-coalgebra. We show that a π-grouplike element is distin-
guished in a finite dimensional Hopf π-coalgebra and we study its relations with the
π-integrals. As a corollary, for any α ∈ π of finite order, we give an upper bound
for the (finite) order of Sα−1Sα.
4.1. π-grouplike elements. A π-grouplike element of a Hopf π-coalgebra H is a
family g = (gα)α∈pi ∈ Πα∈piHα such that ∆α,β(gαβ) = gα ⊗ gβ for any α, β ∈ π
and ǫ(g1) = 1k (or equivalently g1 6= 0). Note that g1 is then a (usual) grouplike
element of the Hopf algebra H1.
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One easily checks that the set G(H) of π-grouplike elements of H is a group
(with respect to the multiplication and unit of the product monoid Πα∈piHα) and
if g = (gα)α∈pi ∈ G(H), then g−1 = (Sα−1(gα−1))α∈pi .
Remark that the group Hom(π, k∗) acts on G(H) by φg = (φ(α)gα)α∈pi for any
g = (gα)α∈pi ∈ G(H) and φ ∈ Hom(π, k
∗).
Lemma 8. Let H be a finite dimensional Hopf π-coalgebra. Then there exists a
unique π-grouplike element g = (gα)α∈pi of H such that (idHα ⊗λβ)∆α,β = λαβ gα
for any right π-integral λ = (λα)α∈pi and all α, β ∈ π.
The π-grouplike element g = (gα)α∈pi of the previous lemma is called the dis-
tinguished π-grouplike element of H . Note that g1 is the (usual) distinguished
grouplike element of the Hopf algebra H1.
Proof. Let λ = (λα)α∈pi be a non-zero right π-integral for H . Let γ ∈ π. For
any ϕ ∈ H∗γ , (ϕλγ−1α)α∈pi is a right π-integral for H and thus, by Theorem 3,
there exists a unique kϕ ∈ k such that ϕλγ−1α = kϕλα for all α ∈ π. Now
(ϕ 7→ kϕ) ∈ H∗∗γ
∼= Hγ (dimHγ < +∞). Thus there exists a unique gγ ∈ Hγ such
that ϕλγ−1α = ϕ(gγ)λα for any α ∈ π and ϕ ∈ H
∗
γ . Then ϕλβ = ϕ(gα)λαβ for
any α, β ∈ π and ϕ ∈ H∗α and hence (idHα ⊗λβ)∆α,β = λαβ gα for all α, β ∈ π.
Let α, β ∈ π. If Hαβ = 0, then either Hα = 0 or Hβ = 0 (by Corollary 1) and so
∆α,β(gαβ) = 0 = gα⊗gβ. If Hαβ 6= 0, then, for any ϕ ∈ H∗α and ψ ∈ H
∗
β , kϕψλαβ =
(ϕψ)λ1 = ϕ(ψλ1) = kψϕλβ = kϕkψλαβ and thus kϕψ = kϕkψ (since λαβ 6= 0 by
Lemma 4), that is ∆α,β(gαβ) = gα⊗gβ. Moreover ǫ(g1)λ1 = ǫλ1 = (ǫ⊗λ1)∆1,1 = λ1
and so ǫ(g1) = 1 (since λ1 6= 0 by Lemma 4). Then g = (gα)α∈pi is a π-grouplike
element of H . Since all the right π-integrals for H are scalar multiple of λ, the
“existence” part of the lemma is demonstrated. Let us now show the uniqueness
of g. Suppose that h = (hα)α∈pi is another such π-grouplike element of H . Let
λ = (λα)α∈pi be a non-zero right π-integral for H . Fix α ∈ π. If Hα = 0, then
hα = 0 = gα. IfHα 6= 0, then λα 6= 0 (by Lemma 4) and so there exists a ∈ Hα such
that λα(a) = 1. Therefore gα = λα(a)gα = (idH1 ⊗λα)∆1,α(a) = λα(a)hα = hα.
This completes the proof of the lemma. 
4.2. The distinguished π-grouplike element and π-integrals. Throughout
this subsection, H = {Hα}α∈pi will denote a finite dimensional Hopf π-coalgebra.
Since H1 is a finite dimensional Hopf algebra, there exists (see e.g. [Rad76]) a
unique algebra morphism ν : H1 → k such that if Λ is a left integral for H1, then
Λx = ν(x)Λ for all x ∈ H1. This morphism is a grouplike element of the Hopf
algebra H∗1 , called the distinguished grouplike element of H
∗
1 . In particular, it is
invertible in H∗1 and its inverse ν
−1 is also an algebra morphism and verifies that
if Λ is a right integral for H1, then xΛ = ν
−1(x)Λ for all x ∈ H1.
For all α ∈ π, we define a left and a right H∗1 -action on Hα by setting, for any
f ∈ H∗1 and a ∈ Hα,
f ⇀ a = a(1,α)f(a(2,1)) and a ↼ f = f(a(1,1))a(2,α).
The next theorem generalizes [Rad94, Theorem 3]. It is used in Section 7 to show
the existence of traces.
Theorem 4. Let λ = (λα)α∈pi be a right π-integral for H, g = (gα)α∈pi be the
distinguished π-grouplike element of H, and ν be the distinguished grouplike element
of H∗1 . Then, for any α ∈ π and x, y ∈ Hα,
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(a) λα(xy) = λα(Sα−1Sα(y ↼ ν)x);
(b) λα(xy) = λα(y Sα−1Sα(ν
−1 ⇀ g−1α xgα));
(c) λα−1(Sα(x)) = λα(gαx).
Before proving Theorem 4, we establish the following lemma.
Lemma 9. Let λ = (λα)α∈pi be a right π-integral for H, α ∈ π, and a ∈ Hα.
(a) If Λ is a right integral for H1 such that λ1(Λ) = 1, then
Sα(a) = λα(Λ(1,α)a) Λ(2,α−1);
(b) If Λ is a left integral for H1 such that λ1(Λ) = 1, then
S−1
α−1
(a) = λα(aΛ(1,α)) Λ(2,α−1).
Proof. To show Part (a), let α ∈ π. Define f ∈ H∗α by f(x) = λα(Λ(1,α)x) Λ(2,α−1)
for any x ∈ Hα. If ∗ denotes the product in the convolution algebra Conv(H,Hα−1)
(see §1.2), then, for any x ∈ H1,
(f ∗ idH
α−1
)(x) = λα(Λ(1,α)x(1,α)) Λ(2,α−1)x(2,α−1)
= λα((Λx)(1,α)) (Λx)(2,α−1) by (1.3.b)
= ǫ(x)λα(Λ(1,α)) Λ(2,α−1) since Λ is a right integral for H1
= ǫ(x)λ1(Λ) 1α−1 by (3.1.a)
= ǫ(x) 1α−1 since λ1(Λ) = 1.
Therefore, since idH
α−1
is invertible in Conv(H,Hα−1) with inverse Sα, we have
that f = Sα, that is Sα(a) = λα(Λ(1,α)a) Λ(2,α−1) for all a ∈ Hα. Part (b) can be
deduced from Part (a) using the Hopf π-coalgebra Hop (see §1.3.1). 
Proof of Theorem 4. We use the same arguments as in the proof of [Rad94, The-
orem 3], even if we cannot use the duality (since the notion a Hopf π-coalgebra
is not self dual). We can assume that λ is a non-zero right π-integral (otherwise
the result is obvious). To show Part (a), let α ∈ π and x, y ∈ Hα. Since λ1 is a
non-zero right integral for the Hopf algebra H∗1 , there exists a left integral Λ for
H1 such that λ1(Λ) = λ1(S1(Λ)) = 1 (cf [Rad94, Proposition 1]). By Lemma 9(b)
for a = Sα−1Sα(y ↼ ν), we have that
(4.2.a) Sα(y ↼ ν) = λα(Sα−1Sα(y ↼ ν) Λ(1,α)) Λ(2,α−1).
It is easy to verify that (ν−1λγ)γ∈pi is a right π-integral for H and Λ↼ ν is a right
integral for H1 such that (ν
−1λ1)(Λ ↼ ν) = 1. Thus Lemma 9(a) for a = y ↼ ν
gives that
Sα(y ↼ ν) = (ν
−1λα)((Λ↼ ν)(1,α) (y ↼ ν)) (Λ↼ ν)(2,α−1)
= (ν−1λα)((Λ(1,α)y)↼ ν) Λ(2,α−1) by (1.3.b)
= λα(((Λ(1,α)y)↼ ν) ↼ ν
−1) Λ(2,α−1)
= λα((Λ(1,α)y)↼ ǫ) Λ(2,α−1)
= λα(Λ(1,α)y) Λ(2,α−1) by (1.1.b).
Hence, comparing with (4.2.a), we obtain
(4.2.b) λα(Λ(1,α) y) Λ(2,α−1) = λα(Sα−1Sα(y ↼ ν) Λ(1,α)) Λ(2,α−1).
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Now (λγSγ−1)γ∈pi is a right π-integral for H
cop and Λ is a left integral for Hcop1 such
that (λ1S1)(Λ) = 1. Thus (S
cop
α−1
)−1(S−1
α−1
(x)) = λαSα−1(S
−1
α−1
(x)Λ(2,α−1)) Λ(1,α)
(by applying Lemma 9(b) for a = S−1
α−1
(x) ∈ Hcopα ), that is
(4.2.c) x = Λ(1,α)λα(Sα−1(Λ(2,α−1))x).
Finally evaluating (4.2.b) with λα(Sα−1(·)x) and using (4.2.c) gives that λα(xy) =
λα(Sα−1Sα(y ↼ ν)x).
To show Part (b), let α ∈ π and a, b ∈ Hα. For any γ ∈ π, let us define
φγ ∈ (H
op,cop
γ )
∗ by φγ(x) = λγ−1(gγ−1x) for all x ∈ H
op,cop
γ . Using Lemma 8, one
easily checks that φ = (φγ)γ∈pi is a right π-integral for H
op,cop. Let us denote by
×op the multiplication of Hop,cop
α−1
and by ↼cop the right action of (Hop,cop1 )
∗ on
Hop,cop
α−1
defined by h ↼cop f = (f ⊗ id)∆cop1,α−1 . Then, since ν
−1 is the distinguished
grouplike element of (Hop,cop1 )
∗, Part (a) with x = g−1α b and y = g
−1
α agα gives
that φα−1(y ×
op x) = φα−1(S
op,cop
α S
op,cop
α−1
(y ↼cop ν−1) ×op x), that is λα(ab) =
λα(b Sα−1Sα(ν
−1 ⇀ g−1α agα)).
Let us show Part (c). For any α ∈ π, define φα ∈ H∗α by φα(x) = λα(gαx) for
all x ∈ Hα. Since (φα)α∈pi and (λα−1Sα)α∈pi are left π-integrals for H which are
non-zero (because λ is non-zero, gα is invertible and Sα is bijective), there exists
k ∈ k such that φα = kλα−1Sα for all α ∈ π (by Theorem 3). As above, let Λ be a
left integral for H1 such that λ1(Λ) = λ1(S1(Λ)) = 1. Recall that ǫ(g1) = 1. Thus
1 = λ1(Λ) = λ1(ǫ(g1)Λ) = λ1(g1Λ) = kλ1(S1(Λ)) = k. Hence λα−1Sα = φα for all
α ∈ π, that is λα−1(Sα(x)) = λα(gαx) for all α ∈ π and x ∈ Hα. This completes
the proof of the theorem. 
The following corollary will be used later to relate the distinguished grouplike
element of a finite dimensional quasitriangular Hopf π-coalgebra to the R-matrix.
Corollary 3. Let Λ be a left integral for H1 and g = (gα)α∈pi be the distinguished
π-grouplike element of H. Then Λ(1,α) ⊗ Λ(2,α−1) = Sα−1Sα(Λ(2,α))gα ⊗ Λ(1,α−1)
for all α ∈ π.
Proof. We can suppose that Λ 6= 0. Let α ∈ π. Remark that it suffices to show
that, for all f ∈ H∗
α−1
,
(4.2.d) f(Λ(2,α−1)) Λ(1,α) = f(Λ(1,α−1))Sα−1Sα(Λ(2,α))gα.
Fix f ∈ H∗
α−1
. Let λ = (λγ)γ∈pi be a non-zero right π-integral for H (see Theo-
rem 3). By multiplying λ by some (non-zero) scalar, we can assume that λ1(Λ) =
λ1(S1(Λ)) = 1. By Corollary 2(b), there exists a ∈ Hα−1 such that f(x) = λα−1(ax)
for all x ∈ Hα−1 . By Lemma 9(b), Sα−1(a) = λα−1(aΛ(1,α−1))Sα−1Sα(Λ(2,α)).
Thus
(4.2.e) Sα−1(a)gα = f(Λ(1,α−1))Sα−1Sα(Λ(2,α))gα.
Since (λγSγ−1)γ∈pi is a right π-integral for H
op,cop and Λ is a right integral for
Hop,cop1 such that (λ1S1)(Λ) = 1, Lemma 9(a) applied to H
op,cop gives that
Sα−1(a) = λαSα−1(aΛ(2,α−1))Λ(1,α).
Then
Sα−1(a)gα = λαSα−1(aΛ(2,α−1)) Λ(1,α)gα
= λα−1(gα−1aΛ(2,α−1)) Λ(1,α)gα by Theorem 4(c).(4.2.f)
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Now, since Λ is left integral for H1,
Λ(1,α)gα ⊗ Λ(2,α−1)gα−1 = ∆α,α−1(Λg1) = ν(g1) Λ(1,α) ⊗ Λ(2,α−1).
Therefore
Λ(1,α)gα ⊗ gα−1aΛ(2,α−1) = Λ(1,α) ⊗ ν(g1) gα−1aΛ(2,α−1)g
−1
α−1
,
and so, using (4.2.f) and then Theorem 4(a),
Sα−1(a)gα = λα−1(ν(g1) gα−1aΛ(2,α−1)g
−1
α−1
)Λ(1,α)
= λα−1(ν(g1)SαSα−1(g
−1
α−1
↼ ν)gα−1aΛ(2,α−1)) Λ(1,α)
Now, since g−1β = Sβ−1(gβ−1) for any β ∈ π, g
−1 = (g−1β )β∈pi ∈ G(H), and ν is an
algebra morphism,
SαSα−1(g
−1
α−1
↼ ν) = ν(g−11 )SαSα−1(g
−1
α−1
) = ν(g1)
−1g−1
α−1
.
Thus Sα−1(a)gα = λα−1(aΛ(2,α−1)) Λ(1,α) = f(Λ(2,α−1)) Λ(1,α). Finally, comparing
with (4.2.e), we get (4.2.d). 
4.3. The order of the antipode. It is known that the order of the antipode of
a finite dimensional Hopf algebra A is finite (by [Rad76, Theorem 1]) and divides
4 dimA (by [NZ89, Proposition 3.1]). Let us apply this result to the setting of a
Hopf π-coalgebra.
Let H = {Hα}α∈pi be a finite dimensional Hopf π-coalgebra with antipode S =
{Sα}α∈pi. Let α ∈ π of finite order d and denote by 〈α〉 the subgroup of π generated
by α. By considering the (finite dimensional) Hopf algebra ⊕β∈〈α〉Hβ (coming
from the Hopf 〈α〉-coalgebra {Hβ}β∈〈α〉, as in §1.3.5), we obtain that the order
of Sα−1Sα ∈ AutAlg(Hα) is finite and divides 2
∑
β∈〈α〉 dimHβ . As a corollary of
Theorem 4, we give another upper bound for the order of Sα−1Sα.
Corollary 4. Let H = {Hα}α∈pi be a finite dimensional Hopf π-coalgebra with
antipode S = {Sα}α∈pi. Then
(a) If α ∈ π has a finite order d, then (Sα−1Sα)
2d dimH1 = idHα ;
(b) If α ∈ π has order 2, then S8 dimH1α = idHα .
Before proving Corollary 4, we establish the following lemma.
Lemma 10. Let H be a finite dimensional Hopf π-coalgebra, g = (gα)α∈pi be the
distinguished π-grouplike element of H, and ν be the distinguished grouplike element
of H∗1 . Then (Sα−1Sα)
2(x) = gα(ν ⇀ x ↼ ν
−1)g−1α for all α ∈ π and x ∈ Hα.
Proof. Let α ∈ π and x, y ∈ Hα. If Hα = 0, then the result is obvious. Let us
suppose that Hα 6= 0. Let λ = (λγ)γ∈pi be a non-zero right π-integral for H . Then
λα(gα(ν ⇀ x ↼ ν
−1)g−1α y)
= λα(ySα−1Sα(ν
−1 ⇀ g−1α gα(ν ⇀ x ↼ ν
−1)g−1α gα)) by Theorem 4(b)
= λα(ySα−1Sα(x ↼ ν
−1))
= λα(Sα−1Sα(Sα−1Sα(x ↼ ν
−1)↼ ν)y) by Theorem 4(a)
= λα((SαSα−1)
2(x ↼ ν−1 ↼ ν)y) since Sα−1Sα is comultiplicative
= λα((SαSα−1)
2(x)y).
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Now, by Corollary 2(b), H∗α is a free right Hα-module of rank 1 for the action
defined by (f ⊳ a)(x) = f(ax) for any f ∈ H∗α and a, x ∈ Hα. Moreover λα is a
basis vector of H∗α. Thus, since the above computation says that
λα ⊳ gα(ν ⇀ x ↼ ν
−1)g−1α = λα ⊳ (SαSα−1)
2(x),
we conclude that (Sα−1Sα)
2(x) = gα(ν ⇀ x ↼ ν
−1)g−1α . 
Proof of Corollary 4. To show Part (a), let α ∈ π of finite order d. Consider the
distinguished π-grouplike element g = (gα)α∈pi ofH and the distinguished grouplike
element ν of H∗1 . Using Lemma 10, one easily shows by induction that
(4.3.a) (Sα−1Sα)
2l(x) = glα(ν
l ⇀ x ↼ ν−l)g−lα
for all x ∈ Hα and l ∈ N. Recall that the order of a grouplike element of a finite
dimensional Hopf algebra A is finite and divides dimA (see [NZ89, Theorem 2.2]).
Therefore g1 has a finite order which divides dimH1 and ν has a finite order which
divides dimH∗1 = dimH1. Now
gddimH1α = g
dimH1
1 (1,α) · · · g
dimH1
1 (d,α) = 11 (1,α) · · · 11 (d,α) = 1
d
α = 1α.
Then, for all x ∈ Hα, by (4.3.a),
(Sα−1Sα)
2d dimH1(x) = gddimH1α (ν
d dimH1 ⇀ x ↼ ν−d dimH1)g−d dimH1α
= 1α(ǫ ⇀ x ↼ ǫ)1α = x.
Hence (Sα−1Sα)
2d dimH1 = idHα . Part (b) is Part (a) for d = 2, since in this case
Sα is an endomorphism of Hα. 
5. Semisimplicity and cosemisimplicity
In this section, we define the semisimplicity and the cosemisimplicity for Hopf
π-coalgebras, and we give criteria for a Hopf π-coalgebra to be semisimple (resp.
cosemisimple).
5.1. Semisimple Hopf π-coalgebras. A Hopf π-coalgebraH = {Hα}α∈pi is said
to be semisimple if each algebra Hα is semisimple.
Note that, since any infinite dimensional Hopf algebra (over a field) is never
semisimple (see [Swe69, Corollary 2.7]), a necessary condition for H to be semisim-
ple is that H1 is finite dimensional.
Lemma 11. Let H = {Hα}α∈pi be a finite dimensional Hopf π-coalgebra. Then H
is semisimple if and only if H1 is semisimple.
Proof. We have to show that if H1 is semisimple then H is semisimple. Suppose
that H1 is semisimple and fix α ∈ π. Since Hα is a finite dimensional algebra, it
suffices to show that all left Hα-modules are completely reducible. Thus let M be
a left Hα-module and N be a submodule of M . Since H1 is a finite dimensional
semisimple Hopf algebra, there exists a left integral Λ for H1 such that ǫ(Λ) = 1
(cf [Swe70, Theorem 5.1.8]). Let p : M → N be any k-linear projection which is
the identity on N . Let P :M → N be the k-linear map defined by
P (m) = Λ(1,α) · p(Sα−1(Λ(2,α−1)) ·m)
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for any m ∈M , where · denotes the action of Hα on M . The map P is the identity
on N since, for any n ∈ N ,
P (n) = Λ(1,α) · p(Sα−1(Λ(2,α−1)) · n)
= Λ(1,α) · (Sα−1(Λ(2,α−1)) · n) = (Λ(1,α)Sα−1(Λ(2,α−1))) · n = ǫ(Λ)1α · n = n.
Let h ∈ Hα. Using (1.1.b) and the fact that Λ is a left integral for H1, we have
Λ(1,α) ⊗ Λ(2,α−1) ⊗ h = ∆α,α−1(ǫ(h(1,1)) Λ)⊗ h(2,α)
= ∆α,α−1(h(1,1)Λ)⊗ h(2,α)
= h(1,α)Λ(1,α) ⊗ h(2,α−1)Λ(2,α−1) ⊗ h(3,α),
and so
Λ(1,α) ⊗ Sα−1(Λ(2,α−1))h
= h(1,α)Λ(1,α) ⊗ Sα−1(h(2,α−1)Λ(2,α−1))h(3,α)
= h(1,α)Λ(1,α) ⊗ Sα−1(Λ(2,α−1))Sα−1(h(2,α−1))h(3,α) by Lemma 1(c)
= h(1,α)ǫ(h(2,1)) Λ(1,α) ⊗ Sα−1(Λ(2,α−1))1α by (1.3.c)
= hΛ(1,α) ⊗ Sα−1(Λ(2,α−1)) by (1.1.b).
Therefore, for all h ∈ Hα and m ∈M ,
P (h ·m) = Λ(1,α) · p(Sα−1(Λ(2,α−1))h ·m)
= hΛ(1,α) · p(Sα−1(Λ(2,α−1)) ·m) = h · P (m).
Hence P is Hα-linear and kerP is a Hα-supplement of N in M . 
5.2. Cosemisimple π-comodules and π-coalgebras. Let C be a π-coalgebra
and M be a right π-comodule over C. If {N i = {N iα}α∈pi}i∈I is a family of
π-subcomodules of M , we define their sum by {
∑
i∈I N
i
α}α∈pi. It is easy to see
that it is a π-subcomodule of M . We denote it by
∑
i∈I N
i. This sum is said to be
direct provided
∑
i∈I N
i
α is a direct sum for all α ∈ π. In this case
∑
i∈I N
i will be
denoted by ⊕i∈IN i.
A right π-comodule M = {Mα}α∈pi is said to be simple if it is non-zero (i.e.,
Mα 6= 0 for some α ∈ π) and if it has no π-subcomodules other than 0 = {0}α∈pi
and itself.
Lemma 12. Let M be a right π-comodule over a π-coalgebra C. The following
conditions are equivalent:
(a) M is a sum of a family of simple π-subcomodules;
(b) M is a direct sum of a family of simple π-subcomodules;
(c) Every π-subcomodule N of M is a direct summand, i.e., there exists a
π-subcomodule N ′ of M such that M = N ⊕N ′.
Proof. Let us show Condition (a)⇒ Condition (b). Suppose that M =
∑
i∈IM
i is
a sum of simple π-submodules. Let J be a maximal subset of I such that
∑
j∈J M
j
is direct. Let us show that this sum is in fact equal to M . It suffices to prove that
each M i (i ∈ I) is contained in this sum. The intersection of our sum with M i is
a π-subcomodule of M i, thus equal to 0 or M i. If it is equal to 0, then J is not
maximal since we can adjoin i to it. Hence M i is contained in the sum.
To show Condition (b) ⇒ Condition (c), suppose that M = ⊕i∈IM i and let
N be a π-subcomodule of M . Let J be a maximal subset of I such that the sum
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N + ⊕j∈JM j is direct. The same reasoning as before shows this sum is equal to
M .
Let us show Condition (c) ⇒ Condition (a). Let N be the π-subcomodule of
M defined as the sum of all simple π-subcomodules of M . Suppose that M 6= N .
Then M = N ⊕ F where F is a non-zero π-subcomodule of M . Let us show
that there exists a simple π-subcomodule of F , contradicting the definition of N .
By Theorem 1(a), F = ⊕α∈piFα (where Fα = Fα−1) is a rational π-graded left
C∗-module which is non-zero. Let v ∈ F , v 6= 0. The kernel of the morphism of
π-graded left C∗-modules C∗ → C∗v is a π-graded left ideal J 6= C∗. Therefore J is
contained in a maximal π-graded left ideal I 6= C∗ (by Zorn’s lemma). Then I/J is
a maximal π-graded left C∗-submodule of C∗/J (not equal to C∗/J), and hence Iv
is a maximal π-graded C∗-submodule of C∗v, not equal to C∗v (corresponding to
I/J under the π-graded isomorphism C∗/J → C∗v). Moreover it is rational since
it is a submodule of the rational module F (see Theorem 1(b)). So we can consider
the π-subcomodule Iv of M (see Lemma 3). Write then M = Iv ⊕ L where L is
π-subcomodule of M . Therefore M = Iv ⊕ L and so C∗v = Iv ⊕ (L ∩ C∗v). Now,
since Iv is a maximal π-graded C∗-submodule of C∗v (not equal to C∗v), we have
that L ∩ C∗v is a non-zero π-graded C∗-submodule of F which does not contain
any π-graded submodule other than 0 and itself. Moreover L ∩ C∗v is rational
since it is a π-graded C∗-submodule of the rational π-graded C∗-module F (see
Theorem 1(b)). Finally L ∩ C∗v is a simple π-subcomodule of F . 
A right π-comodule satisfying the equivalent conditions of Lemma 12 is said to
be cosemisimple. A π-coalgebra is called cosemisimple if it is cosemisimple as a
right π-comodule over itself (with comultiplication as structure maps).
When π = 1, one recovers the usual notions of cosemisimple comodules and
coalgebras.
When π is finite, a π-coalgebra C = {Cα}α∈pi is cosemisimple if and only if the
π-graded coalgebra C˜ = ⊕α∈piCα (defined as in §1.3.5) is graded-cosemisimple (i.e.,
is a direct sum of simple π-graded right comodules).
Lemma 13. Every π-subcomodule or quotient of a cosemisimple right π-comodule
is cosemisimple.
Proof. Let N be a π-subcomodule of a cosemisimple right π-comodule M . Let F
be the sum of all simple π-subcomodules of N and write M = F ⊕ F ′. Therefore
N = F⊕(F ′∩N). If F ′∩N 6= 0, it contains a simple π-subcomodule (see the demon-
stration of Lemma 12). Thus F ′ ∩N = 0 and N = F , which is cosemisimple. Now
write M = N ⊕N ′. N ′ is a sum of simple π-subcomodules (it is a π-subcomodule
of M and thus cosemisimple) and the canonical projection M → M/N induces a
π-comodule isomorphism between N ′ ontoM/N . Hence M/N is cosemisimple. 
5.3. Cosemisimple Hopf π-coalgebras. A Hopf π-coalgebra H = {Hα}α∈pi is
said to be cosemisimple if it is cosemisimple as a π-coalgebra. A right π-comodule
M = {Mα}α∈pi over H is said to be reduced if, for all α ∈ π, Mα = 0 whenever
Hα = 0.
The next theorem is the Hopf π-coalgebra version of the dual Maschke theorem
(see [Swe70, §14.0.3]).
Theorem 5. Let H be a Hopf π-coalgebra. The following conditions are equivalent:
(a) Every reduced right π-comodule over H is cosemisimple;
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(b) H is cosemisimple;
(c) There exists a right π-integral λ = (λα)α∈pi for H such that λα(1α) = 1 for
some α ∈ π;
(d) There exists a right π-integral λ = (λα)α∈pi for H such that λα(1α) = 1 for
all α ∈ π with Hα 6= 0.
Proof. Condition (a) implies trivially Condition (b). Moreover Condition (c) is
equivalent to Condition (d). Indeed Condition (d) implies Condition (c) since
H1 6= 0 (by Corollary 1). Conversely, suppose that β ∈ π is such that λβ(1β) = 1.
Let α ∈ π such that Hα 6= 0. Then λα(1α) 1β−1α = (λβ ⊗ idHβ−1α)∆β,β−1α(1α) =
λβ(1β) 1β−1α = 1β−1α. Now 1β−1α 6= 0 by Corollary 1. Hence λα(1α) = 1.
Let us show that Condition (b) implies Condition (d). Consider H as a a right
π-comodule over itself (with comultiplication as structure maps). For any α ∈ π,
set Nα = k1α. Since the comultiplication is unitary, N is a π-subcomodule of H .
Therefore N is a direct summand of H (since H is cosemisimple), that is there
exists a π-comodule morphism p = {pα}α∈pi : H → N such that pα|Nα = idNα for
all α ∈ π. For any α ∈ π, since Nα = k1α, there exists a (unique) k-form λα ∈ H∗α
such that pα(h) = λα(h) 1α for all h ∈ Hα. Let us verify that λ = (λα)α∈pi is a
right π-integral for H . Let α, β ∈ π. Since p is a π-comodule morphism, we have
that
(5.3.a) λαβ 1α ⊗ 1β = (λα1α ⊗ idHβ )∆α,β .
If Hα = 0, then either Hβ = 0 or Hαβ = 0 (by Corollary 1) and so λαβ 1β = 0 =
(λα⊗ idHβ )∆α,β . If Hα 6= 0, then there exists f ∈ H
∗
α such that f(1α) = 1 and, by
applying (f ⊗ idHβ ) to both sides of (5.3.a), we get that λαβ 1β = (λα⊗ idHβ )∆α,β .
Therefore λ is a right π-integral for H . Finally, let α ∈ π such that Hα 6= 0. Then
λα(1α)1α = pα(1α) = 1α (since 1α ∈ Nα) and so λα(1α) = 1 (since 1α 6= 0).
To show that Condition (d) implies Condition (a), let M = {Mα}α∈pi be a
reduced right π-comodule over H with structure maps by ρ = {ρα,β}α,β∈pi and
N = {Nα}α∈pi be a π-subcomodule of M . We have to show that N is a direct
summand of M (see Lemma 12). Define δα : Hα−1 ⊗ Hα → k by δα(x ⊗ y) =
λα(Sα−1(x)y) for all α ∈ π. We first prove that, for any α, β, γ ∈ π,
(5.3.b) (idHβ ⊗δαβ)(∆β,(αβ)−1 ⊗ idHαβ ) = (δα ⊗ idHβ )(idHα−1 ⊗∆α,β).
Indeed, for any x ∈ Hα−1 and y ∈ Hαβ ,
(idHβ ⊗δαβ)(∆β,(αβ)−1 ⊗ idHαβ )(x ⊗ y)
= x(1,β)λαβ(S(αβ)−1(x(2,(αβ)−1))y)
= x(1,β)(λα ⊗ idHβ )∆α,β(S(αβ)−1(x(2,(αβ)−1))y) by (3.1.a)
= x(1,β)Sβ−1(x(2,β−1))y(2,β) λα(Sα−1(x(3,α−1))y(1,α)) by Lemma 1(c)
= y(2,β) λα(Sα−1(ǫ(x(1,1))x(2,α−1))y(1,α)) by (1.3.c)
= λα(Sα−1(x)y(1,α)) y(2,β) by (1.1.b)
= (δα ⊗ idHβ )(idHα−1 ⊗∆α,β)(x⊗ y).
Let q : M1 → N1 be any k-linear projection and define, for all α ∈ π,
pα = (idNα ⊗δα)(ρα,α−1 ◦ q ⊗ idHα)ρ1,α :Mα → Nα.
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For any α, β ∈ π, using (2.1.a) and (5.3.b), we have
ρα,βpαβ
= ρα,β(idNαβ ⊗δαβ)(ραβ,(αβ)−1 ◦ q ⊗ idHαβ )ρ1,αβ
= (idNα ⊗ idHβ ⊗δαβ)((ρα,β ⊗ idH(αβ)−1 )ραβ,(αβ)−1 ◦ q ⊗ idHαβ )ρ1,αβ
= (idNα ⊗ idHβ ⊗δαβ)((idNα ⊗∆β,(αβ)−1)ρα,α−1 ◦ q ⊗ idHαβ )ρ1,αβ
= (idNα ⊗(idHβ ⊗δαβ)(∆β,(αβ)−1 ⊗ idHαβ ))(ρα,α−1 ◦ q ⊗ idHαβ )ρ1,αβ
= (idNα ⊗(δα ⊗ idHβ )(idHα−1 ⊗∆α,β))(ρα,α−1 ◦ q ⊗ idHαβ )ρ1,αβ
= (idNα ⊗δα ⊗ idHβ )(ρα,α−1 ◦ q ⊗ idHα ⊗ idHβ )(idM1 ⊗∆α,β)ρ1,αβ
= (idNα ⊗δα ⊗ idHβ )(ρα,α−1 ◦ q ⊗ idHα ⊗ idHβ )(ρ1,α ⊗ idHβ )ρα,β
= (pα ⊗ idHβ )ρα,β .
Thus p = {pα}α∈pi is a π-comodule morphism between M and N . Let α ∈ π
and n ∈ Nα. If Hα = 0, then Nα = 0 (since M and thus N is reduced) and so
pα(n) = 0 = n. If Hα 6= 0, then
pα(n) = n(0,α)λα(Sα−1(n(1,α−1))n(2,α)) since q|N1 = idN1
= n(0,α)ǫ(n(1,1))λα(1α) by (1.3.c)
= n by (2.1.b) and since λα(1α) = 1.
Therefore q is a π-comodule projection ofM onto N and consequently N is a direct
summand ofM (namelyM = N⊕ker q). This finishes the proof of the theorem. 
Corollary 5. Let H be a Hopf π-coalgebra. Then
(a) If H is cosemisimple, then the Hopf algebra H1 is cosemisimple;
(b) If H is finite dimensional, then H is cosemisimple if and only if H1 is
cosemisimple.
Proof. To show Part (a), suppose that H is cosemisimple. By Theorem 5 and
Corollary 1, there exists a right π-integral λ = (λα)α∈pi for H such that λ1(11) =
1. Since λ1 is a right integral for H
∗
1 such that λ1(11) 6= 0, H1 is cosemisimple
(by [Swe70, Theorem 14.0.3]). Let us show Part (b). Suppose that H is finite
dimensional and H1 is cosemisimple. By [Swe70, Theorem 14.0.3], there exists a
right integral φ for H∗1 such that φ(11) = 1. By Theorem 3, there exists a non-zero
right π-integral λ = (λα)α∈pi for H . In particular, λ1 is a non-zero right integral for
H∗1 . Therefore, since H1 is finite dimensional, there exists k ∈ k such that φ = kλ1
(by [Swe70, Theorem 5.1.6]). Thus (kλα)α∈pi is a right π-integral for H such that
kλ1(11) = 1. Hence H is cosemisimple by Theorem 5. This completes the proof of
the corollary. 
Corollary 6. Let H be a finite dimensional Hopf π-coalgebra over a field k of
characteristic 0. Then H is semisimple if and only if it is cosemisimple.
Proof. By Lemma 11, H is semisimple if and only if H1 is semisimple, and by
Corollary 5(b), H is cosemisimple if and only if H1 is cosemisimple. It is then easy
to conclude using the fact that, in characteristic 0, a finite dimensional Hopf algebra
is semisimple if and only if it is cosemisimple (see [LR88, Theorem 3.3]). 
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Corollary 7. Let H be a finite dimensional cosemisimple Hopf π-coalgebra. If
g = (gα)α∈pi is the distinguished π-grouplike element of H, then g = 1 in G(H),
i.e., gα = 1α for all α ∈ π. Consequently, the spaces of left and right π-integrals
for H coincide.
Proof. Let α ∈ π. If Hα = 0, then gα = 0 = 1α. Suppose that Hα 6= 0. By
Theorem 5, there exists a right π-integral λ = (λγ)γ∈pi for H such that λα(1α) = 1
and λ1(11) = 1. Then gα = λα(1α) gα = (idHα ⊗λ1)∆α,1(1α) = λ1(11) 1α = 1α. By
Theorem 3 and Lemma 8, the spaces of left and right π-integrals for H coincide. 
6. Quasitriangular Hopf π-coalgebras
In this section, we recall the definitions of crossed, quasitriangular, and ribbon
Hopf π-coalgebras given by Turaev in [Tur], and we generalize the main properties
of quasitriangular Hopf algebras to the setting of Hopf π-coalgebras.
6.1. Crossed Hopf π-coalgebras. Following [Tur, §11.2], a Hopf π-coalgebra
H = ({Hα},∆, ǫ, S) is said to be crossed provided it is endowed with a family
ϕ = {ϕβ : Hα → Hβαβ−1}α,β∈pi of k-linear maps (the crossing) such that
(6.1.a) each ϕβ : Hα → Hβαβ−1 is an algebra isomorphism;
(6.1.b) each ϕβ preserves the comultiplication, i.e., for all α, β, γ ∈ π,
(ϕβ ⊗ ϕβ)∆α,γ = ∆βαβ−1,βγβ−1ϕβ ;
(6.1.c) each ϕβ preserves the counit, i.e., ǫϕβ = ǫ;
(6.1.d) ϕ is multiplicative in the sense that ϕββ′ = ϕβϕβ′ for all β, β
′ ∈ π.
Lemma 14. Let H be a crossed Hopf π-coalgebra with crossing ϕ. Then
(a) ϕ1|Hα = idHα for all α ∈ π;
(b) ϕ−1β = ϕβ−1 for all β ∈ π;
(c) ϕ preserves the antipode, i.e., ϕβSα = Sβαβ−1ϕβ for all α, β ∈ π;
(d) If λ = (λα)α∈pi is a left (resp. right) π-integral for H and β ∈ π, then
(λβαβ−1ϕβ)α∈pi is also a left (resp. right) π-integral for H;
(e) If g = (gα)α∈pi is a π-grouplike element of H and β ∈ π, then (ϕβ(gβ−1αβ))α∈pi
is also a π-grouplike element of H.
Proof. Parts (a), (b), (d) and (e) follow directly from the axioms of a crossing. To
show Part (c), let α, β ∈ π. Using the axioms, it is easy to verify that ϕ−1β Sβαβ−1ϕβ∗
idHα = ǫ 1α−1 in the convolution algebra Conv(H,Hα−1) (see §1.2). Thus, since Sα
is the inverse of idH
α−1
in Conv(H,Hα−1), we have that ϕ
−1
β Sβαβ−1ϕβ = Sα and
so Sβαβ−1ϕβ = ϕβSα. 
Corollary 8. Let H be a finite dimensional crossed Hopf π-coalgebra with crossing
ϕ. Then there exists a unique group homomorphism ϕ̂ : π → k∗ such that if
λ = (λα)α∈pi is a left or right π-integral for H, then λβαβ−1ϕβ = ϕ̂(β)λα for all
α, β ∈ π.
Proof. Let λ = (λα)α∈pi be a non-zero left π-integral for H . For any β ∈ π, since
(λβαβ−1ϕβ)α∈pi is a non-zero left π-integral for H (see Lemma 14(d)) and by the
uniqueness (within scalar multiple) of a left π-integral in the finite dimensional case
(see Theorem 3), there exists a unique ϕ̂(β) ∈ k∗ such that λβαβ−1ϕβ = ϕ̂(β)λα
for all α ∈ π. Using (6.1.d) and Lemma 14, one verifies that ϕ̂ : π → k∗ is a group
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homomorphism. Since any left π-integral for H is a scalar multiple of λ, the result
holds for any left π-integral. Finally, let λ = (λα)α∈pi be a right π-integral for H .
Since the antipode is bijective (H is finite dimensional), and using Lemma 14(d)
and the fact that (λα−1Sα)α∈pi is a left π-integral for H , we have that, for all
α, β ∈ π, λβαβ−1ϕβ = λβαβ−1Sβα−1β−1ϕβS
−1
α−1
= ϕ̂(β)λαSα−1S
−1
α−1
= ϕ̂(β)λα. 
Lemma 15. Let H be a finite dimensional crossed Hopf π-coalgebra with crossing
ϕ. Let ϕ̂ be as in Corollary 8. Then, for any β ∈ π,
(a) If Λ is a left or right integral for H1, then ϕβ(Λ) = ϕ̂(β)Λ;
(b) If ν is the distinguished grouplike element of H∗1 , then νϕβ = ν;
(c) If g = (gα)α∈pi is the distinguished π-grouplike element of H, then ϕβ(gα) =
gβαβ−1 for all α ∈ π.
Proof. Let us show Part (a). Let Λ be a left integral for H1. We can assume
that Λ 6= 0 (if Λ = 0, then the result is obvious). By Lemma 14 and (6.1.c),
xϕβ(Λ) = ϕβ(ϕβ−1(x) Λ) = ϕβ(ǫϕβ−1(x) Λ) = ǫ(x)ϕβ(Λ) for any x ∈ H1. Thus
ϕβ(Λ) is a left integral for H1. Therefore, since H1 is finite dimensional and Λ 6= 0,
there exists k ∈ k such that ϕβ(Λ) = kΛ. Let λ = (λα)α∈pi be a non-zero right
π-integral for H . We have that ϕ̂(β)λ1(Λ) = λ1(ϕβ(Λ)) = λ1(kΛ) = kλ1(Λ). Now
λ1(Λ) 6= 0 (because Λ is a non-zero left integral for H1 and λ1 is a non-zero right
integral for H∗1 ). Hence k = ϕ̂(β) and so ϕβ(Λ) = ϕ̂(β)Λ. It can be shown similarly
that the result holds if Λ is a right integral for H1.
Let us show Part (b). If Λ is a left integral for H1, then, for all x ∈ H1,
Λ x = ϕβ−1(ϕβ(Λ)ϕβ(x)) = ϕβ−1(ν(ϕβ(x))ϕβ(Λ)) = νϕβ(x) Λ (since ϕβ(Λ) is a
left integral forH1). Thus, by the uniqueness of the distinguished grouplike element
of the Hopf algebra H∗1 , we have that νϕβ = ν.
To show Part (c), let λ = (λα)α∈pi be a right π-integral for H . By Lemma 14(d),
(λβ−1αβϕβ−1)α∈pi is also a right π-integral for H . Then, for any α, γ ∈ π, using
(6.1.b) and Lemmas 8 and 14,
(idHα ⊗λγ)∆α,γ = ϕβ−1(idHβαβ−1 ⊗λγϕβ−1)∆βαβ−1,βγβ−1 ϕβ
= ϕβ−1(λαγϕβ−1ϕβ gβαβ−1)
= λαγ ϕβ−1(gβαβ−1).
Hence, by the uniqueness of the distinguished π-grouplike element (see Lemma 8),
we have that ϕβ−1(gβαβ−1) = gα and so ϕβ(gα) = gβαβ−1 for all α ∈ π. 
6.1.1. The opposite (resp. coopposite) Hopf π-coalgebra. Let H be a crossed Hopf
π-coalgebra with crossing ϕ. If the antipode of H is bijective, then the opposite
(resp. coopposite) Hopf π-coalgebra to H (see §1.3.1 and §1.3.2) is crossed with
crossing given by ϕop
β|Hopα
= ϕβ|Hα (resp. ϕ
cop
β|Hcopα
= ϕβ|H
α−1
) for all α, β ∈ π.
6.1.2. The mirror Hopf π-coalgebra. Let H = ({Hα},∆, ǫ, S, ϕ) be a crossed Hopf
π-coalgebra. Following [Tur, §11.6], its mirror H is defined by the following pro-
cedure: set Hα = Hα−1 as an algebra, ∆α,β = (ϕβ ⊗ idHβ−1 )∆β−1α−1β,β−1 , ǫ = ǫ,
Sα = ϕαSα−1 and ϕβ|Hα = ϕβ|Hα−1 . It is also a crossed Hopf π-coalgebra.
6.2. Quasitriangular Hopf π-coalgebras. Following [Tur, §11.3], a quasitri-
angular Hopf π-coalgebra is a crossed Hopf π-coalgebra H = ({Hα},∆, ǫ, S, ϕ)
endowed with a family R = {Rα,β ∈ Hα ⊗ Hβ}α,β∈pi of invertible elements (the
R-matrix ) such that
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(6.2.a) for any α, β ∈ π and x ∈ Hαβ ,
Rα,β ·∆α,β(x) = σβ,α(ϕα−1 ⊗ idHα)∆αβα−1,α(x) · Rα,β
where σβ,α denotes the flip Hβ ⊗Hα → Hα ⊗Hβ;
(6.2.b) for any α, β ∈ π,
(idHα ⊗∆β,γ)(Rα,βγ) = (Rα,γ)1β3 · (Rα,β)12γ
(∆α,β ⊗ idHγ )(Rαβ,γ) = [(idHα ⊗ϕβ−1)(Rα,βγβ−1)]1β3 · (Rβ,γ)α23
where, for k-spaces P,Q and r =
∑
j pj⊗qj ∈ P ⊗Q, we set r12γ = r⊗1γ ∈
P ⊗ Q ⊗Hγ , rα23 = 1α ⊗ r ∈ Hα ⊗ P ⊗ Q and r1β3 =
∑
j pj ⊗ 1β ⊗ qj ∈
P ⊗Hβ ⊗Q;
(6.2.c) the family R is invariant under the crossing, i.e., for any α, β, γ ∈ π,
(ϕβ ⊗ ϕβ)(Rα,γ) = Rβαβ−1,βγβ−1.
Note that R1,1 is a (classical) R-matrix for the Hopf algebra H1.
When π is abelian and ϕ is trivial, one recovers the definition of a quasitriangular
π-colored Hopf algebra given by Ohtsuki in [Oht93].
If π is finite, then an R-matrix for H does not necessarily give rive to a (usual)
R-matrix for the Hopf algebra H˜ = ⊕α∈piHα (see §1.3.5). However, if the group π
is finite abelian and if ϕ is trivial, then R˜ =
∑
α,β∈pi Rα,β is an R-matrix for H˜ .
Notation. In the proofs, when we write a component Rα,β of an R-matrix as
Rα,β = aα ⊗ bβ, it is to signify that Rα,β =
∑
j aj ⊗ bj for some aj ∈ Hα and
aj ∈ Hβ , where j runs over a finite set of indices.
We now generalize the main properties of quasitriangular Hopf algebras (see
[Dri90]) to the setting of quasitriangular Hopf π-coalgebras.
Lemma 16. Let H = ({Hα},∆, ǫ, S, ϕ,R) be a quasitriangular Hopf π-coalgebra.
Then, for any α, β, γ ∈ π,
(a) (ǫ ⊗ idHα)(R1,α) = 1α = (idHα ⊗ǫ)(Rα,1);
(b) (Sα−1ϕα ⊗ idHβ )(Rα−1,β) = R
−1
α,β and (idHα ⊗Sβ)(R
−1
α,β) = Rα,β−1 ;
(c) (Sα ⊗ Sβ)(Rα,β) = (ϕα ⊗ idH
α−1
)(Rα−1,β−1);
(d) (Rβ,γ)α23 · (Rα,γ)1β3 · (Rα,β)12γ
= (Rα,β)12γ · [(idHα ⊗ϕβ−1)(Rα,βγβ−1)]1β3 · (Rβ,γ)α23.
Part (d) of Lemma 16, which is the Yang-Baxter equality for R = {Rα,β}α,β∈pi,
first appeared in [Tur, §11.3]. We prove it here for completeness sake.
Proof. Let us show Part (a). We have
R1,α = (ǫ ⊗ idH1 ⊗ idHα)(∆1,1 ⊗ idHα)(R1,α) by (1.1.b)
= (ǫ ⊗ idH1 ⊗ idHα)([(idH1 ⊗ϕ1)(R1,α)]11pi3 · (R1,α)1pi23) by (6.2.b)
= (ǫ ⊗ idH1 ⊗ idHα)((R1,α)11pi3 · (R1,α)1pi23) by Lemma 14(a)
= (ǫ ⊗ idH1 ⊗ idHα)((R1,α)11pi3) · (ǫ ⊗ idH1 ⊗ idHα)((R1,α)1pi23) by (1.3.b)
= (11 ⊗ (ǫ⊗ idHα)(R1,α)) ·R1,α.
Thus 11⊗(ǫ⊗idHα)(R1,α) = 11⊗1α (since R1,α is invertible). By applying (ǫ⊗idHα)
on both sides, we get the first equality of Part (a). The second one can be obtained
similarly.
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To show the first equality of Part (b), set
E = (mα ⊗ idHβ )(Sα−1 ⊗ idHα ⊗ idHβ )(∆α−1,α ⊗ idHβ )(R1,β).
Let us compute E in two different ways. On the first hand,
E = (mα ⊗ idHβ )(Sα−1 ⊗ idHα ⊗ idHβ )
([(idH
α−1
⊗ϕα−1)(Rα−1,αβα−1)]1α3 · (Rα,β)α−123) by (6.2.b)
= (Sα−1 ⊗ ϕα−1)(Rα−1,αβα−1) · Rα,β
= (Sα−1ϕα ⊗ idHβ )(Rα−1,β) ·Rα,β by (6.2.c).
On the second hand,
E = (ǫ1α ⊗ idHβ )(R1,β) by (1.3.c)
= 1α ⊗ 1β by Part (a).
Comparing these two calculations and since Rα,β is invertible, we get the first
equality of Part (b). The second one can be proved similarly by computing the
expression F = (idHα ⊗mβ−1)(idHα ⊗ idHβ−1 ⊗Sβ)(idHα ⊗∆β−1,β)(R
−1
α,1).
Part (c) is a direct consequence of Part (b) and Lemma 14(a) and (c).
Finally, Part (d) follows from axioms (6.2.a) and (6.2.b):
(Rβ,γ)α23 · (Rα,γ)1β3 · (Rα,β)12γ
= (Rβ,γ)α23 · (idHα ⊗∆β,γ)(Rα,βγ)
= (idHα ⊗Rβ,γ ·∆β,γ)(Rα,βγ)
= (idHα ⊗σγ,β(ϕβ−1 ⊗ idHβ )∆βγβ−1,β ·Rβ,γ)(Rα,βγ)
= (idHα ⊗σγ,β(ϕβ−1 ⊗ idHβ ))((Rα,β)1βγβ−13 · (Rα,βγβ−1)12β) · (Rβ,γ)α23
= (Rα,β)12γ · [(idHα ⊗ϕβ−1)(Rα,βγβ−1)]1β3 · (Rβ,γ)α23.
This completes the proof of the lemma. 
6.3. The Drinfeld elements. Let H = ({Hα,mα, 1α},∆, ǫ, S, ϕ,R) be a quasi-
triangular Hopf π-coalgebra. We define the (generalized) Drinfeld elements of H ,
for any α ∈ π, by
uα = mα(Sα−1ϕα ⊗ idHα)σα,α−1(Rα,α−1) ∈ Hα.
Note that u1 is the Drinfeld element of the quasitriangular Hopf algebra H1 (see
[Dri90]).
Lemma 17. For any α, β ∈ π,
(a) uα is invertible and u
−1
α = mα(idHα ⊗Sα−1Sα)σα,α(Rα,α);
(b) Sα−1Sα(ϕα(x)) = uαxu
−1
α for all x ∈ Hα;
(c) The antipode of H is bijective;
(d) ϕβ(uα) = uβαβ−1;
(e) Sα−1(uα−1)uα = uαSα−1(uα−1) and this element, noted cα, verifies
cαϕα−1(x) = ϕα(x)cα for all x ∈ Hα;
(f) ∆α,β(uαβ) = [σβ,α(idHβ ⊗ϕα)(Rβ,α) · Rα,β]
−1 · (uα ⊗ uβ)
= (uα⊗uβ) · [σβ,α(ϕβ−1 ⊗ idHα)(Rβ,α) · (ϕα−1 ⊗ϕβ−1)(Rα,β)]
−1;
(g) ǫ(u1) = 1.
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Proof. We adapt the methods used in [Dri90] to our setting. Let us prove Parts (a)
and (b). We first show that for all x ∈ Hα,
(6.3.a) Sα−1Sα(ϕα(x))uα = uαx.
Write Rα,α−1 = aα ⊗ bα−1 so that uα = Sα−1(ϕα(bα−1))aα. Let x ∈ Hα. Using
(1.1.a) and (6.2.a), we have that
(Rα,α−1)12α · (idHα ⊗∆α−1,α)∆α,1(x) =
(σα−1,α(ϕα−1 ⊗ idHα)∆α−1,α ⊗ idHα)∆1,α(x) · (Rα,α−1)12α ,
that is aαx(1,α) ⊗ bα−1x(2,α−1) ⊗ x(3,α) = x(2,α)aα ⊗ ϕα−1(x(1,α−1))bα−1 ⊗ x(3,α).
Evaluate both sides of this equality with (idHα ⊗Sα−1ϕα ⊗Sα−1Sαϕα), reverse the
order of the tensorands and multiply them to obtain
Sα−1Sαϕα(x(3,α))Sα−1ϕα(bα−1x(2,α−1))aαx(1,α)
= Sα−1Sαϕα(x(3,α))Sα−1ϕα(ϕα−1 (x(1,α−1))bα−1)x(2,α)aα.
Now, by Lemmas 1(a) and 14(c), the left-hand side is equal to
Sα−1ϕαSα(x(3,α))Sα−1ϕα(x(2,α−1))Sα−1(ϕα(bα−1))aαx(1,α)
= Sα−1ϕα(x(2,α−1)Sα(x(3,α)))uαx(1,α)
= Sα−1ϕα(ǫ(x(2,1))1α−1)uαx(1,α) by (1.3.c)
= uαǫ(x(2,1))x(1,α) since Sα−1ϕα(1α−1) = 1α
= uαx by (1.1.b),
and, by Lemma 1(a), the right-hand side is equal to
Sα−1Sαϕα(x(3,α))Sα−1(ϕα(bα−1))Sα−1(x(1,α−1))x(2,α)aα
= Sα−1Sαϕα(ǫ(x(1,1))x(2,α))Sα−1(ϕα(bα−1))aα by (1.3.c)
= Sα−1Sαϕα(x)uα by (1.1.b).
Thus (6.3.a) is proven. Let us show that uα is invertible. Set
u˜α = mα(idHα ⊗Sα−1Sα)σα,α(Rα,α) ∈ Hα.
By Lemma 16(b) and (6.2.c), Rα,α = (idHα ⊗Sα−1)(ϕα ⊗ ϕα)(R
−1
α,α−1
). Write
R−1
α,α−1
= cα ⊗ dα−1 . Then u˜α = Sα−1(ϕα(dα−1))Sα−1Sα(ϕα(cα)) and aαcα ⊗
bα−1dα−1 = 1α ⊗ 1α−1 . Now
u˜αuα = Sα−1(ϕα(dα−1))Sα−1Sα(ϕα(cα))uα
= Sα−1(ϕα(dα−1))uαcα by (6.3.a) with x = cα
= Sα−1(ϕα(dα−1))Sα−1(ϕα(bα−1))aαcα
= Sα−1ϕα(bα−1dα−1))aαcα by Lemma 1(a)
= Sα−1ϕα(1α−1))1α = 1α.
It can be shown similarly that uαu˜α = 1α. Thus uα is invertible, u
−1
α = u˜α, and so
Sα−1Sα(ϕα(x)) = uαxu
−1
α for any x ∈ Hα.
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Part (c) is a direct consequence of Part (b). Part (d) follows from (6.1.a), (6.1.d),
and (6.2.c). Let us show Part (e). For any x ∈ Hα,
Sα−1(uα−1)uαϕα−1(x)
= Sα−1(uα−1)Sα−1Sα(x)uα by Part (b)
= Sα−1(uα−1)Sα−1SαSα−1(ϕα−1S
−1
α−1
(ϕα(x)))uα by Lemma 14(c)
= Sα−1(uα−1)Sα−1(uα−1S
−1
α−1
(ϕα(x))u
−1
α−1
)uα by Part (b)
= ϕα(x)Sα−1(uα−1)uα since Sα−1 is anti-multiplicative.
In particular, for x = uα, one gets that Sα−1(uα−1)uα = uαSα−1(uα−1).
For the proof of the first equality of Part (f), set R˜α,β = σβ,α(idHβ ⊗ϕα)(Rβ,α).
Using Lemma 14 and (6.2.c), we have also that R˜α,β = σβ,α(ϕα−1⊗idHα)(Rαβα−1,α).
We first show that for all x ∈ Hαβ ,
(6.3.b) R˜α,β ·Rα,β ·∆α,β(x) = (ϕα ⊗ ϕβ)∆α,β(ϕ(αβ)−1(x)) · R˜α,β · Rα,β.
By (6.2.a), Rβ,α · ∆β,α(ϕα−1 (x)) = σα,β((ϕβ−1 ⊗ idHβ )∆βαβ−1,β(ϕα−1 (x))) · Rβ,α.
Evaluate both sides of this equality with the algebra homomorphism σβ,α(idHβ ⊗ϕα)
and multiply them on the right by Rα,β to obtain
σβ,α(idHβ ⊗ϕα)(Rβ,α) · σβ,α(idHβ ⊗ϕα)∆β,α(ϕα−1(x)) · Rα,β
= (ϕαϕβ−1 ⊗ idHβ )∆βαβ−1,β(ϕα−1(x)) · σβ,α(idHβ ⊗ϕα)(Rβ,α) ·Rα,β .
Then, using (6.2.a) and (6.1.b), one gets equality (6.3.b). Set now
E = R˜α,β · Rα,β ·∆α,β(uαβ).
We have to show that E = uα⊗ uβ. Write Rαβ,(αβ)−1 = r⊗ s, Rα,β = aα⊗ bβ, and
R˜α,β = cα ⊗ dβ . Then uαβ = S(αβ)−1(ϕαβ(s))r = ϕαβS(αβ)−1(s)r. We have that
E = R˜α,β · Rα,β ·∆α,β(ϕαβS(αβ)−1(s)r)
= R˜α,β · Rα,β ·∆α,β(ϕαβS(αβ)−1(s)) ·∆α,β(r) by (1.3.b).
Therefore, using (6.3.b) for x = ϕαβS(αβ)−1(s) and then Lemmas 1(c) and 14(c),
E = (ϕα ⊗ ϕβ) ·∆α,β(S(αβ)−1(s)) · R˜α,β ·Rα,β ·∆α,β(r)
= (ϕα ⊗ ϕβ)σβ,α(Sβ−1 ⊗ Sα−1)∆β−1,α−1(s) · R˜α,β ·Rα,β ·∆α,β(r)
= ϕαSα−1(s(2,α−1))cαaαr(1,α) ⊗ ϕβSβ−1(s(1,β−1))dβbβr(2,β)
= Sα−1ϕα(s(2,α−1))cαaαr(1,α) ⊗ Sβ−1ϕβ(s(1,β−1))dβbβr(2,β).
Now Hα ⊗Hβ is a right Hα ⊗Hβ ⊗Hα−1 ⊗Hβ−1-module under the action
(x⊗ y)և (h1 ⊗ h2 ⊗ h3 ⊗ h4) = Sα−1(ϕα(h3))xh1 ⊗ Sβ−1(ϕβ(h4))yh2.
Then
E = cα ⊗ dβ և aαr(1,α) ⊗ bβr(2,α−1) ⊗ s(2,α−1) ⊗ s(1,β−1)
= R˜α,β և (Rα,β)12α−1β−1 · (∆α,β ⊗ σβ−1,α−1∆β−1,α−1)(Rαβ,(αβ)−1)
= R˜α,β և (Rα,β)12α−1β−1 · (∆α,β ⊗ idHα−1 ⊗ idHβ−1 )
= ((Rαβ,α−1)12β−1 · (Rαβ,β−1)1α−13) by (6.2.b)
= R˜α,β և (Rα,β)12α−1β−1 · (∆α,β ⊗ idHα−1 ⊗ idHβ−1 )((Rαβ,α−1)12β−1)
· (∆α,β ⊗ idH
α−1
⊗ idH
β−1
)((Rαβ,β−1)1α−13) by (1.3.b).
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For any k-spaces P,Q and any x =
∑
j pj⊗qj ∈ P⊗Q, we set x12αβ = x⊗1α⊗1β ∈
P ⊗Q⊗Hα⊗Hβ, xα2β4 =
∑
j 1α⊗pj⊗1β⊗qj ∈ Hα⊗P ⊗Hβ⊗Q, etc. Therefore,
by (6.2.b) and Lemma 16(d),
E = R˜α,β և (Rα,β)12α−1β−1 · [(idHα ⊗ϕβ−1)(Rα,βα−1β−1)]1β3β−1
· (Rβ,α−1)α23β−1 · [(idHα ⊗ϕβ−1)(Rα,β−1)]1βα−14 · (Rβ,β−1)α2α−14
= R˜α,β և (Rβ,α−1)α23β−1 · (Rα,α−1)1β3β−1 · (Rα,β)12α−1β−1
· [(idHα ⊗ϕβ−1)(Rα,β−1)]1βα−14 · (Rβ,β−1)α2α−14.
Write Rβ,α = eβ ⊗ fα and Rβ,α−1 = gβ ⊗ hα−1 . Then R˜α,β = ϕα(fα)⊗ eβ and so
R˜α,β և (Rβ,α−1)α23β−1
= Sα−1(ϕα(hα−1))ϕα(fα)⊗ eβgβ
= σβ,α(idHβ ⊗ϕαSα−1)((idHβ ⊗S
−1
α−1
)(Rβ,α) ·Rβ,α−1) by Lemma 14(c)
= σβ,α(idHβ ⊗ϕαSα−1)(R
−1
β,α−1
· Rβ,α−1) by Lemma 16(b)
= 1α ⊗ 1β .
If we write Rα,α−1 = mα ⊗ nα−1 , then
1α ⊗ 1β և (Rα,α−1)1α−13β−1 = Sα−1ϕα(nα−1)mα ⊗ 1β = uα ⊗ 1β.
Therefore
E = uα ⊗ 1β և (Rα,β)12α−1β−1 · [(idHα ⊗ϕβ−1)(Rα,β−1)]1βα−14 · (Rβ,β−1)α2α−14.
Write now Rα,β−1 = pα ⊗ qβ−1 . Then
uα ⊗ 1β և (Rα,β)12α−1β−1 · [(idHα ⊗ϕβ−1)(Rα,β−1)]1βα−14
= uαaαpα ⊗ Sβ−1(qβ−1)bβ
= (uα ⊗ 1β) · (idHα ⊗Sβ−1)((idHα ⊗S
−1
β−1
)(Rα,β) · Rα,β−1)
= (uα ⊗ 1β) · (idHα ⊗Sβ−1)(R
−1
α,β−1
· Rα,β−1) by Lemma 16(b)
= uα ⊗ 1β.
Hence E = uα ⊗ 1β և (Rβ,β−1)α2α−14. Finally, write Rβ,β−1 = xβ ⊗ yβ−1 . Then
E = uα ⊗ Sβ−1(ϕβ(yβ−1))xβ = uα ⊗ uβ . This completes the proof of the first
equality of Part (f). Let us show the second one. Using the first equality of Part (f)
and then Part (b), we have
∆α,β(uαβ) = [σβ,α(idHβ ⊗ϕα)(Rβ,α) ·Rα,β ]
−1 · (uα ⊗ uβ)
= (uα ⊗ uβ) · (ϕα−1(Sα−1Sα)
−1 ⊗ ϕβ−1(Sβ−1Sβ)
−1)
([σβ,α(idHβ ⊗ϕα)(Rβ,α) ·Rα,β ]
−1),
and so, by Lemmas 14 and 16(c),
∆α,β(uαβ) = (uα ⊗ uβ) · [σβ,α(ϕβ−1 ⊗ idHα)(Rβ,α) · (ϕα−1 ⊗ ϕβ−1)(Rα,β)]
−1.
It remains to show Part (g). We have
u1 = (ǫ ⊗ idH1)∆1,1(u1) by (1.1.b)
= (ǫ ⊗ idH1)((σ1,1(R1,1) · R1,1)
−1 · (u1 ⊗ u1)) by Part (f)
= (ǫ ⊗ idH1)(R1,1)
−1 · (idH1 ⊗ǫ)(R1,1)
−1 · ǫ(u1)u1 by (1.3.b)
= ǫ(u1)u1 by Lemma 16(a).
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Now u1 6= 0 since u1 is invertible (by Part (a)) and H1 6= 0 (by Corollary 1). Hence
ǫ(u1) = 1. This finishes the proof of the lemma. 
6.3.1. The coopposite Hopf π-coalgebra. LetH be a quasitriangular Hopf π-coalgebra
with R-matrix R = {Rα,β}α,β∈pi. By Lemma 17(c), the antipode of H is bijective.
Thus we can consider the coopposite crossed Hopf π-coalgebra Hcop to H (see
§6.1.1). It is quasitriangular by setting
Rcopα,β = (ϕα ⊗ idHβ−1 )(R
−1
α−1,β−1
) = (Sα ⊗ idH
β−1
)(Rα,β−1).
The Drinfeld elements of H and Hcop are related by ucopα = u
−1
α−1
.
6.3.2. The mirror Hopf π-coalgebra. Let H be a quasitriangular Hopf π-coalgebra
with R-matrix R = {Rα,β}α,β∈pi. Following [Tur, §11.6], the mirror crossed Hopf
π-coalgebra H to H (see §6.1.2) is quasitriangular with R-matrix given by
Rα,β = σβ−1,α−1(R
−1
β−1,α−1
).
The Drinfeld elements associated to H and H verify uα = Sα(uα)
−1.
Corollary 9. Let H be a quasitriangular Hopf π-coalgebra. For all α ∈ π, set
ℓα = Sα−1(uα−1)
−1uα = uαSα−1(uα−1)
−1 ∈ Hα. Then
(a) ℓ = (ℓα)α∈pi is a π-grouplike element of H;
(b) (Sα−1Sα)
2(x) = ℓαxℓ
−1
α for all α ∈ π and x ∈ Hα.
Proof. Let us show Part (a). Denote by uα the Drinfeld elements of the mirror
Hopf π-coalgebra H to H (see §6.3.2). Since uα = Sα(uα)
−1, Lemma 17(f) applied
to H gives that, for any α, β ∈ π,
∆α,β(S(αβ)−1(u(αβ)−1)
−1) = σβ,α(ϕβ−1 ⊗ idHα)(Rβ,α)
· (ϕα−1 ⊗ ϕβ−1)(Rα,β) · (Sα−1(uα−1)
−1 ⊗ Sβ−1(uβ−1)
−1).
Now, by Lemma 17(f),
∆α,β(uαβ) = (uα ⊗ uβ) · [σβ,α(ϕβ−1 ⊗ idHα)(Rβ,α) · (ϕα−1 ⊗ ϕβ−1)(Rα,β)]
−1.
Thus we obtain that ∆α,β(ℓαβ) = ∆α,β(uαβ) ·∆α,β(S(αβ)−1(u(αβ)−1)
−1) = ℓα⊗ ℓβ.
Moreover ǫ(ℓ1) = ǫ(u1S1(u1)
−1) = ǫ(u1)ǫ(S1(u1))
−1 = ǫ(u1)ǫ(u1)
−1 = 1 by (1.3.b)
and Lemma 1(d). Hence ℓ = (ℓα)α∈pi ∈ G(H).
To show Part (b), let α ∈ π and x ∈ Hα. Applying Lemma 17(b) to H and then
to H gives that
(Sα−1Sα)
2(x) = Sα−1Sα(Sα−1(uα−1)
−1ϕα(x)Sα−1 (uα−1))
= Sα−1Sα(Sα−1(uα−1)
−1) Sα−1Sα(ϕα(x)) Sα−1Sα(Sα−1(uα−1))
= uαSα−1(uα−1)
−1xSα−1(uα−1)u
−1
α
= ℓαxℓ
−1
α .
This completes the proof of the corollary. 
6.3.3. The double of a crossed Hopf π-coalgebra. The Drinfeld double construction
for Hopf algebras can be extended to the setting of crossed Hopf π-coalgebras, see
[Zun]. This yields examples of quasitriangular Hopf π-coalgebras.
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6.4. Ribbon Hopf π-coalgebras. Following [Tur, §11.4], a quasitriangular Hopf
π-coalgebra H = ({Hα},∆, ǫ, S, ϕ,R) is said to be ribbon if it is endowed with a
family θ = {θα ∈ Hα}α∈pi of invertible elements (the twist) such that
(6.4.a) ϕα(x) = θ
−1
α xθα for all α ∈ π and x ∈ Hα;
(6.4.b) Sα(θα) = θα−1 for all α ∈ π;
(6.4.c) ϕβ(θα) = θβαβ−1 for all α, β ∈ π;
(6.4.d) for all α, β ∈ π,
∆α,β(θαβ) = (θα ⊗ θβ) · σβ,α((ϕα−1 ⊗ idHα)(Rαβα−1,α)) ·Rα,β .
Note that θ1 is a (classical) twist of the quasitriangular Hopf algebra H1.
Lemma 18. Let H = ({Hα},∆, ǫ, S, ϕ,R, θ) be a ribbon Hopf π-coalgebra. Then
(a) ϕα−1(x) = θαxθ
−1
α for all α ∈ π and x ∈ Hα;
(b) ǫ(θ1) = 1;
(c) If α ∈ π has a finite order d, then θdα is a central element of Hα. In
particular θ1 is central;
(d) θαuα = uαθα for all α ∈ π, where the uα are the Drinfeld elements of H.
Proof. Part (a) is a direct consequence of (6.4.a), (6.4.c), and Lemma 14. Let us
show Part (b). We have
θ1 = (ǫ ⊗ idH1)∆1,1(θ1) by (1.1.b)
= (ǫ ⊗ idH1)((θ1 ⊗ θ1) · σ1,1(R1,1) · R1,1) by (6.4.d) and Lemma 14(a)
= (ǫ ⊗ idH1)(θ1 ⊗ θ1) · (idH1 ⊗ǫ)(R1,1) · (ǫ⊗ idH1)(R1,1) by (1.3.b)
= ǫ(θ1)θ1 by Lemma 16(a).
Now θ1 6= 0 since it is invertible and H1 6= 0 (by Corollary 1). Hence ǫ(θ1) = 1. To
show Part (c), let α ∈ π of finite order d. For any x ∈ Hα, using (6.1.d), Lemma 14
and (6.4.a), we have that x = ϕ1(x) = ϕαd(x) = ϕ
d
α(x) = θ
−d
α xθ
d
α and so θ
d
αx = xθ
d
α.
Hence θdα is central in Hα. Finally, let us show Part (d). Using Lemma 17(d) and
(6.4.a), we have that uα = ϕα(uα) = θ
−1
α uαθα, and so θαuα = uαθα. 
For any α ∈ π, we set
Gα = θαuα = uαθα ∈ Hα.
Lemma 19. Let H = ({Hα},∆, ǫ, S, ϕ,R, θ) be a ribbon Hopf π-coalgebra. Then
(a) G = (Gα)α∈pi is a π-grouplike element of H;
(b) ϕβ(Gα) = Gβαβ−1 for all α, β ∈ π;
(c) Sα(Gα) = G
−1
α−1
for all α ∈ π;
(d) θ−2α = cα for all α ∈ π, where cα = Sα−1(uα−1)uα = uαSα−1(uα−1) as in
Lemma 17(e);
(e) Sα(uα) = G
−1
α−1
uα−1G
−1
α−1
for all α ∈ π;
(f) Sα−1Sα(x) = GαxG
−1
α for all α ∈ π and x ∈ Hα.
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Proof. Let us show Part (a). Firstly ǫ(G1) = ǫ(θ1u1) = ǫ(θ1)ǫ(u1) = 1 by Lem-
mas 17(g) and 18(b). Secondly, for any α, β ∈ π, using (6.4.d) and Lemma 17(f),
∆α,β(Gαβ) = ∆α,β(θαβuαβ)
= ∆α,β(θαβ) ·∆α,β(uαβ)
= (θα ⊗ θβ) · [σβ,α((ϕα−1 ⊗ idHα)(Rαβα−1,α)) ·Rα,β ]
·[σβ,α((ϕα−1 ⊗ idHα)(Rαβα−1,α)) ·Rα,β ]
−1 · (uα ⊗ uβ)
= Gα ⊗Gβ .
Thus G = (Gα)α∈pi ∈ G(H). Part (b) follows directly from Lemma 17(d) and
(6.4.c), and Part (c) from the fact that G is a π-grouplike element. By Part (c)
and (6.4.b), θ−2α = uαG
−1
α θ
−1
α = uαSα−1(Gα−1)θ
−1
α = uαSα−1(θα−1uα−1)θ
−1
α = cα
and so Part (d) is established. Let us show Part (e). By (6.4.b) and Part (c),
G−1
α−1
uα−1 = Sα(θ
−1
α ) = Sα(G
−1
α uα) = Sα(uα)Sα(Gα)
−1 = Sα(uα)Gα−1 . Therefore
Sα(uα) = G
−1
α−1
uα−1G
−1
α−1
. Finally, to show Part (f), let x ∈ Hα. Then, using Lem-
mas 17(b) and 18(a), Sα−1Sα(x) = uαϕα−1(x)u
−1
α = uαθαxθ
−1
α u
−1
α = GαxG
−1
α .
This completes the proof of the lemma. 
6.4.1. The coopposite Hopf π-coalgebra. Let H be a ribbon Hopf π-coalgebra with
twist θ = {θα}α∈pi. The coopposite quasitriangular Hopf π-coalgebra Hcop (see
§6.3.1) is ribbon with twist θcopα = θ
−1
α−1
.
6.4.2. The mirror Hopf π-coalgebra. Let H be a ribbon Hopf π-coalgebra with twist
θ = {θα}α∈pi. Following [Tur, §11.6], the mirror quasitriangular Hopf π-coalgebra
H (see §6.3.2) is ribbon with twist θα = θ
−1
α−1
.
6.5. The distinguished π-grouplike element from the R-matrix. In this
subsection, we show that the distinguished π-grouplike element of a finite dimen-
sional quasitriangular Hopf π-coalgebra can be computed by using the R-matrix.
This generalizes [Rad92, Theorem 2].
Theorem 6. Let H be a finite dimensional quasitriangular Hopf π-coalgebra. Let
g = (gα)α∈pi be the distinguished π-grouplike element of H, ν be the distinguished
grouplike element of H∗1 , ℓ = (ℓα)α∈pi ∈ G(H) be as in Corollary 9, and ϕ̂ be as in
Corollary 8. We define hα = (idHα ⊗ν)(Rα,1) for any α ∈ π. Then
(a) h = (hα)α∈pi is a π-grouplike element of H;
(b) g = ϕ̂−1ℓh in G(H), i.e., gα = ϕ̂(α)
−1ℓαhα for all α ∈ π.
Proof. We adapt the technique used in the proof of [Rad92, Theorem 2]. Let us
first show Part (a). For any α, β ∈ π, using (6.2.b), the multiplicativity of ν, and
Lemma 15(b), we have that
∆α,β(hαβ) = ∆α,β(idHαβ ⊗ν)(Rαβ,1)
= (idHα ⊗ idHβ ⊗ν)([(idHα ⊗ϕβ−1)(Rα,1)]1β3 · (Rβ,1)α23)
= ((idHα ⊗νϕβ−1)(Rα,1)⊗ 1β) · (1α ⊗ (idHβ ⊗ν)(Rβ,1))
= ((idHα ⊗ν)(Rα,1)⊗ 1β) · (1α ⊗ hβ)
= hα ⊗ hβ.
Moreover, using Lemma 16(a), ǫ(h1) = (ǫ⊗ ν)(R1,1) = ν(11) = 1. Thus h ∈ G(H).
HOPF GROUP-COALGEBRAS 35
To show Part (b), let α ∈ π and Λ be a non-zero left integral for H1. We first
show that, for any x ∈ Hα−1 ,
(6.5.a) Λ(1,α) ⊗ xΛ(2,α−1) = Sα−1(x)Λ(1,α) ⊗ Λ(2,α−1)
and
(6.5.b) Λ(1,α−1)x⊗ Λ(2,α) = Λ(1,α−1) ⊗ Λ(2,α)Sα−1(x ↼ ν).
Indeed
Λ(1,α) ⊗ xΛ(2,α−1)
= ǫ(x(1,1)) Λ(1,α) ⊗ x(2,α−1)Λ(2,α−1) by (1.1.b)
= Sα−1(x(1,α−1))x(2,α)Λ(1,α) ⊗ x(3,α−1)Λ(2,α−1) by (1.3.c)
= Sα−1(x(1,α−1))(x(2,1)Λ)(1,α) ⊗ (x(2,1)Λ)(2,α−1) by (1.3.b),
and so, since Λ is a left integral for H1,
Λ(1,α) ⊗ xΛ(2,α−1) = Sα−1(x(1,α−1)ǫ(x(2,1)))Λ(1,α) ⊗ Λ(2,α−1)
= Sα−1(x)Λ(1,α) ⊗ Λ(2,α−1) by (1.1.b).
Similarly,
Λ(1,α−1)x⊗ Λ(2,α−1)
= Λ(1,α−1)x(1,α−1) ⊗ Λ(2,α)ǫ(x(2,1)) by (1.1.b)
= Λ(1,α−1)x(1,α−1) ⊗ Λ(2,α)x(2,α)Sα−1(x(3,α−1)) by (1.3.c)
= (Λx(1,1))(1,α−1) ⊗ (Λx(1,1))(2,α)Sα−1(x(2,α−1)) by (1.3.b),
and so, since Λ is a left integral for H1,
Λ(1,α−1)x⊗ Λ(2,α−1) = Λ(1,α−1) ⊗ Λ(2,α)Sα−1(ν(x(1,1))x(2,α−1))
= Λ(1,α−1) ⊗ Λ(2,α)Sα−1(x ↼ ν).
Write Rα,α−1 = aα⊗ bα−1 . Recall that uα = Sα−1ϕα(bα−1)aα. By Lemma 16(c)
and (6.2.c), Rα−1,α = Sα(aα)⊗ ϕαSα−1(bα−1). Thus uα−1 = SαSα−1(bα−1)Sα(aα)
and so, using Lemma 17(b) and (d), Sα−1(uα−1) = S
−1
α (uα−1) = aαSα−1(bα−1).
Then
Λ(2,α)Sα−1(ϕα(bα−1)↼ ν)aα ⊗ Λ(1,α−1)
= Λ(2,α)aα ⊗ Λ(1,α−1)ϕα(bα−1) by (6.5.b) for x = ϕα(bα−1)
= (idHα ⊗ϕα)(Λ(2,α)aα ⊗ ϕα−1(Λ(1,α−1))bα−1)
= (idHα ⊗ϕα)(aαΛ(1,α) ⊗ bα−1Λ(2,α−1)) by (6.2.a)
= (idHα ⊗ϕα)(aαSα−1(bα−1)Λ(1,α) ⊗ Λ(2,α−1)) by (6.5.a) for x = bα−1
= Sα−1(uα−1)Λ(1,α) ⊗ ϕα(Λ(2,α−1))
= (ϕα−1 ⊗ idHα−1 )(ϕαSα−1(uα−1)ϕα(Λ(1,α))⊗ ϕα(Λ(2,α−1))) by (6.1.d)
= (ϕα−1 ⊗ idHα−1 )(ϕαSα−1(uα−1)ϕα(Λ)(1,α) ⊗ ϕα(Λ)(2,α−1)) by (6.1.b).
Now ϕα(Λ) = ϕ̂(α) Λ by Lemma 15(a) and
Λ(1,α) ⊗ Λ(2,α−1) = Sα−1Sα(Λ(2,α))gα ⊗ Λ(1,α−1)
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by Corollary 3. Therefore
Λ(2,α)Sα−1(ϕα(bα−1)↼ ν)aα ⊗ Λ(1,α−1)
= ϕ̂(α) (ϕα−1 ⊗ idHα−1 )(ϕαSα−1(uα−1)Sα−1Sα(Λ(2,α))gα ⊗ Λ(1,α−1))
= ϕ̂(α)Sα−1 (uα−1)ϕα−1Sα−1Sα(Λ(2,α))ϕα−1(gα)⊗ Λ(1,α−1)
= ϕ̂(α)Sα−1 (uα−1)ϕα−1Sα−1Sα(Λ(2,α))gα ⊗ Λ(1,α−1) by Lemma 15(c).
Let λ = (λγ)γ∈pi be left π-integral for H such that λ1(Λ) = 1 (see the proof of
Corollary 3). Applying (idHα ⊗λα−1) on both sides of the last equality, we get
λα−1(Λ(1,α−1)) Λ(2,α)Sα−1(ϕα(bα−1)↼ ν)aα
= ϕ̂(α)Sα−1(uα−1)ϕα−1Sα−1Sα(λα−1(Λ(1,α−1)) Λ(2,α))gα,
and so, since λα−1 (Λ(1,α−1)) Λ(2,α) = λ1(Λ)1α = 1α,
(6.5.c) Sα−1(ϕα(bα−1)↼ ν)aα = ϕ̂(α)Sα−1(uα−1)gα.
Write Rα,1 = cα ⊗ d1 so that hα = ν(d1)cα. Since, by (6.1.b) and Lemma 15(b),
ϕα(x) ↼ ν = ϕα(x ↼ ν) for all x ∈ Hα−1 , we have that
aα ⊗ ϕα(bα−1) ↼ ν = aα ⊗ ϕα(bα−1 ↼ ν)
= (idHα ⊗ν ⊗ ϕα)(idHα ⊗∆1,α−1)(Rα,α−1)
= (idHα ⊗ν ⊗ ϕα)((Rα,α−1 )11pi3 · (Rα,1)12α−1) by (6.2.b)
= aαν(d1) cα ⊗ ϕα(bα−1)
= aαhα ⊗ ϕα(bα−1).
Therefore Sα−1(ϕα(bα−1) ↼ ν)aα = Sα−1(ϕα(bα−1))aαhα = uαhα. Finally, com-
paring with (6.5.c), we get ϕ̂(α)Sα−1(uα−1)gα = uαhα. Hence gα = ϕ̂(α)
−1ℓαhα,
since ℓα = Sα−1(uα−1)
−1uα. This finishes the proof of the theorem. 
Corollary 10. Let H be a finite dimensional ribbon Hopf π-coalgebra. Let g =
(gα)α∈pi be the distinguished π-grouplike element of H, h = (hα)α∈pi ∈ G(H) as in
Theorem 6, G = (Gα)α∈pi ∈ G(H) as in Lemma 19, and ϕ̂ as in Corollary 8. Then
ϕ̂ g = G2h in G(H), i.e., ϕ̂(α)gα = G
2
αhα for all α ∈ π.
Proof. For any α ∈ π, ϕ̂(α)gα = Sα−1(uα−1)
−1uαhα = θ
2
αu
2
αhα = G
2
αhα by Theo-
rem 6(b) and Lemma 19(d). 
7. Existence of π-traces
In this section, we introduce the notion of a π-trace for a crossed Hopf π-coalgebra
and we show the existence of π-traces for a finite dimensional unimodular Hopf
π-coalgebra whose crossing ϕ verifies that ϕ̂ = 1. Moreover, we give sufficient
conditions for the homomorphism ϕ̂ to be trivial.
7.1. Unimodular Hopf π-coalgebras. A Hopf π-coalgebra H = {Hα}α∈pi is
said to be unimodular if the Hopf algebra H1 is unimodular (it means that the
spaces of left and right integrals for H1 coincide). If H1 is finite dimensional, then
H is unimodular if and only if ν = ǫ, where ν is the distinguished grouplike element
of H∗1 .
If π is finite, then a left (resp. right) integral for the Hopf algebra H˜ = ⊕α∈piHα
(see §1.3.5) must belong to H1, and so the spaces of left (resp. right) integrals for
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H˜ and H1 coincide. Hence, when π is finite, H is unimodular if and only if H˜ is
unimodular.
One can remark that a semisimple finite dimensional Hopf π-coalgebra H =
{Hα}α∈pi is unimodular (since the finite dimensional Hopf algebra H1 is semisimple
and so unimodular). Note that a cosemisimple Hopf π-coalgebra is not necessarily
unimodular.
7.2. π-traces. Let H = ({Hα},∆, ǫ, S, ϕ) be a crossed Hopf π-coalgebra. A
π-trace for H is a family of k-linear forms tr = (trα)α∈pi ∈ Πα∈piH∗α such that,
for any α, β ∈ π and x, y ∈ Hα,
(7.2.a) trα(xy) = trα(yx);
(7.2.b) trα−1(Sα(x)) = trα(x);
(7.2.c) trβαβ−1(ϕβ(x)) = trα(x).
This notion is motivated mainly by topological purposes: π-traces are used
in [Vir] to construct Hennings-like invariants (see [Hen96, KR95]) of principal
π-bundles over link complements and over 3-manifolds.
Note that tr1 is a (usual) trace for the Hopf algebra H1, invariant under the
action ϕ of π.
In the next lemma, generalizing [Hen96, Proposition 4.2], we give a characteri-
zation of the π-traces.
Lemma 20. Let H = {Hα}α∈pi be a finite dimensional unimodular ribbon Hopf
π-coalgebra with crossing ϕ. Let λ = (λα)α∈pi be a non-zero right π-integral for
H, G = (Gα)α∈pi ∈ G(H) be as in Lemma 19, and ϕ̂ be as in Corollary 8. Let
tr = (trα)α∈pi ∈ Πα∈piH∗α. Then tr is a π-trace for H if and only if there exists a
family z = (zα)α∈pi ∈ Πα∈piHα satisfying, for all α, β ∈ π,
(a) trα(x) = λα(Gαzαx) for all x ∈ Hα;
(b) zα is central in Hα;
(c) Sα(zα) = ϕ̂(α)
−1zα−1 ;
(d) ϕβ(zα) = ϕ̂(β)zβαβ−1 .
Proof. We first show that, for all α ∈ π and x, y ∈ Hα,
(7.2.d) λα(Gαxy) = λα(Gαyx),
and
(7.2.e) ϕ̂(α)λα−1 (Sα(x)) = λα(G
2
αx).
Indeed, let ν be the distinguished grouplike element of H∗1 . Since ν = ǫ (H is
unimodular), Theorem 4(a) gives that λα(Gαxy) = λα(Sα−1Sα(y)Gαx). Now, by
Lemma 19(f), Sα−1Sα(y) = GαyG
−1
α . Thus λα(Gαxy) = λα(Gαyx) and (7.2.d) is
proven. Moreover, Corollary 10 gives that ϕ̂(α)gα = G
2
αhα, where g = (gα)α∈pi
is the distinguished π-grouplike element of H and hα = (idHα ⊗ν)(Rα,1). Since
ν = ǫ and by Lemma 16(a), hα = (idHα ⊗ǫ)(Rα,1) = 1α. Thus ϕ̂(α)gα = G
2
α. Now
λα−1(Sα(x)) = λα(gαx) by Theorem 4(c). Hence ϕ̂(α)λα−1 (Sα(x)) = λα(G
2
αx) and
(7.2.e) is proven.
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Let us suppose that there exists z = (zα)α∈pi ∈ Πα∈piHα verifying Conditions (a)-
(d). For any α, β ∈ π and x, y ∈ Hα,
trα(xy) = λα(Gαzαxy) by Condition (a)
= λα(Gαyzαx) by (7.2.d)
= λα(Gαzαyx) since zα is central
= trα(yx) by Condition (a),
trα−1(Sα(x))
= λα−1(Gα−1zα−1Sα(x))
= ϕ̂(α)λα−1 (Sα(G
−1
α )Sα(zα)Sα(x)) by Condition (c) and Lemma 19(c)
= ϕ̂(α)λα−1 (Sα(xzαG
−1
α )) by Lemma 1(a)
= λα(G
2
αxzαG
−1
α ) by (7.2.e)
= λα(GαzαGαxG
−1
α ) since zα is central
= trα(GαxG
−1
α )
= trα(x) since trα is symmetric,
and
trβαβ−1(ϕβ(x))
= λβαβ−1(Gβαβ−1zβαβ−1ϕβ(x))
= ϕ̂(β)−1λβαβ−1(ϕβ(Gα)ϕβ(zα)ϕβ(x)) by Condition (d) and Lemma 19(b)
= ϕ̂(β)−1λβαβ−1(ϕβ(Gαzαx))
= ϕ̂(β)−1ϕ̂(β)λα(Gαzαx) by Corollary 8
= trα(x).
Hence tr is a π-trace.
Conversely, suppose that tr is a π-trace. Recall that H∗α is a right Hα-module
for the action defined, for all f ∈ H∗α and a, x ∈ Hα, by
(f ↼ a)(x) = f(ax).
By Corollary 2(b), (H∗α,↼) is free, its rank is 1 (resp. 0) if Hα 6= 0 (resp. Hα = 0),
and λα is a basis vector for H
∗
α. Thus, for any α ∈ π, there exists wα ∈ Hα such
that trα = λα ↼ wα. Set zα = G
−1
α wα. Let us verify that the family z = (zα)α∈pi
verify Conditions (a)-(d). By the definition of zα, Condition (a) is clearly verified.
Let α ∈ π and x ∈ Hα. For any y ∈ Hα,
(λα ↼ Gαzαx)(y) = λα(Gαzαxy)
= trα(xy)
= trα(yx) by (7.2.a)
= λα(Gαzαyx)
= λα(Gαxzαy) by (7.2.d)
= (λα ↼ Gαxzα)(y).
Therefore λα ↼ Gαzαx = λα ↼ Gαxzα. Hence Gαzαx = xzα (since λα is a basis
vector for (H∗α,↼)) and so zαx = xzα. Condition (b) is then verified. Let α ∈ π.
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For any x ∈ Hα,
(λα−1 ↼ Gα−1Sα(zα))(x)
= λα−1(Gα−1Sα(zα)x)
= λα−1(Sα(S
−1
α (x)zαG
−1
α )) by Lemmas 1(a) and 19(c)
= ϕ̂(α)−1λα(G
2
αS
−1
α (x)zαG
−1
α ) by (7.2.e)
= ϕ̂(α)−1λα(GαzαS
−1
α (x)) by (7.2.d) and since zα is central
= ϕ̂(α)−1 trα(S
−1
α (x))
= ϕ̂(α)−1 trα−1(x) by (7.2.b)
= (λα−1 ↼ Gα−1ϕ̂(α)
−1zα−1)(x).
We conclude as above that Sα(zα) = ϕ̂(α)
−1zα−1 , and so Condition (c) is satisfied.
Finally, let α, β ∈ π. For any x ∈ Hα,
(λα ↼ Gαϕ̂(β)ϕβ−1(zβαβ−1))(x)
= ϕ̂(β)λα(Gαϕβ−1(zβαβ−1)x)
= λβαβ−1ϕβ(Gαϕβ−1(zβαβ−1)x) by Corollary 8
= λβαβ−1(Gβαβ−1zβαβ−1ϕβ(x)) by Lemma 19(b)
= trβαβ−1(ϕβ(x))
= trα(x) by (7.2.c)
= (λα ↼ Gαzα)(x).
Thus ϕ̂(β)ϕβ−1(zβαβ−1) = zα and so ϕβ(zα) = ϕ̂(β)zβαβ−1 . Hence Condition (d)
is verified and the lemma is proven. 
In the setting of Lemma 20, constructing a π-trace from a right π-integral λ =
(λα)α∈pi reduces to finding a family z = (zα)α∈pi which satisfies Conditions (b)-(d)
of Lemma 20. Let us give two possible choices of the family z.
Let Λ be a left integral for H1 such that λ1(Λ) = 1. Set z1 = Λ and zα = 0 if
α 6= 1. This family z = (zα)α∈pi verifies Conditions (b)-(d) (since H is unimodular
and so Λ is central and S1(Λ) = Λ, and by Lemma 15(a)). The π-trace obtained is
given by tr1 = ǫ and trα = 0 if α 6= 1.
If the homomorphism ϕ̂ of Corollary 8 is trivial (that is ϕ̂(α) = 1 for all α ∈ π),
then another possible choice is zα = 1α. In the two next lemmas, we give sufficient
conditions for the homomorphism ϕ̂ to be trivial.
Lemma 21. Let H be a finite dimensional crossed Hopf π-coalgebra with crossing
ϕ. If H is semisimple or cosemisimple or if ϕβ|H1 = idH1 for all β ∈ π, then ϕ̂ = 1.
Proof. Let β ∈ π. If H is semisimple, then H1 is semisimple and thus there exists a
left integral Λ forH1 such that ǫ(Λ) = 1 (by [Swe70, Theorem 5.1.8]). Now ϕβ(Λ) =
ϕ̂(β)Λ by Lemma 15(a). Therefore, using (6.1.c), ϕ̂(β) = ϕ̂(β)ǫ(Λ) = ǫ(ϕ̂(β)Λ) =
ǫϕβ(Λ) = ǫ(Λ) = 1. Suppose now that H is cosemisimple. By Theorem 5, there
exists a right π-integral λ = (λα)α∈pi for H such that λ1(11) = 1. Then ϕ̂(β) =
ϕ̂(β)λ1(11) = λ1(ϕβ(11)) = λ1(11) = 1. Suppose finally that ϕβ|H1 = idH1 . Let
λ = (λα)α∈pi be a non-zero right π-integral for H . Then ϕ̂(β)λ1 = λ1ϕβ|H1 = λ1
and thus ϕ̂(β) = 1 (since λ1 6= 0 by Lemma 4). 
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Lemma 22. Let H be a finite dimensional ribbon Hopf π-coalgebra with crossing ϕ
and twist θ = {θα}α∈pi. Let λ = (λα)α∈pi be a right π-integral for H. If λ1(θ1) 6= 0,
then ϕ̂ = 1.
Proof. Let β ∈ π. By (6.4.c) and Corollary 8, λ1(θ1) = λ1(ϕβ(θ1)) = ϕ̂(β)λ1(θ1).
Thus, since λ1(θ1) 6= 0, ϕ̂(β) = 1. 
We conclude with the following theorem, which follows directly from Lemma 20
(by choosing zα = 1α for all α ∈ π) and Lemmas 21 and 22.
Theorem 7. Let H be a finite dimensional unimodular ribbon Hopf π-coalgebra
with crossing ϕ. Let λ = (λα)α∈pi be a right π-integral for H and G = (Gα)α∈pi ∈
G(H) be as in Lemma 19. Suppose that at least one of the following conditions is
verified:
(a) H is semisimple;
(b) H is cosemisimple;
(c) λ1(θ1) 6= 0;
(d) ϕβ|H1 = idH1 for all β ∈ π.
Then tr = (trα)α∈pi, defined by trα(x) = λα(Gαx) for all α ∈ π and x ∈ Hα, is a
π-trace for H.
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